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The presented Ph.D. thesis has originated in the framework of the 
postgraduate study under tuition of my supervisor Prof. RNDr. Michal 
Kotoul, DrSc. The thesis focuses to the solution of the problems of general 
stress concentrators in anisotropic media. Particularly, it is a problem of 
cracks terminating on the interface of two dissimilar materials or 
problems of general multi-material wedge. The work is possible to 
sectionalize into three parts. The first part is dedicated to the search study 
in the area of interest, the second part to the methods chosen for the 
achievement of the thesis aims. These aims are as follows: the description 
of the stress field in the vicinity of the general stress concentrator, the 
inclusion of the effect of crack bridging into the resulting stress field, and 
definition of the fracture criteria for the crack impinging at the interface in 
dissimilar anisotropic media. The last, third, part contains several 
demonstrative examples – applications of methods on specific bi-material 
models. For the description of the stress field the so-called Lechnitskii-
Stroh formalism and continuously distributed dislocation technique, 
exploiting the complex potential theory. The first step is the singularity 
analysis of the general stress concentrator, next the calculation of the 
generalized stress intensity factor and of the T-stress. The obtained 
asymptotic expansion for stresses and displacements is subsequently used 
for the fracture criterion definition, where the theory of Finite Fracture 
Mechanics and matched asymptotic expansions is used for its derivation. 
All the needed calculations are performed in the mathematical softwares 
MAPLE 10.0 and MATLAB 7.1 and in the finite element system ANSYS 
10.0. The two-state Ψ-integral is widely applied in this work – especially 
for the calculation of the generalized stress intensity factor or T-stress, 
calculation of the bridging effect and for the application of the fracture 
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Předkládaná disertační práce vznikla v rámci doktorského studia pod 
vedením mého školitele Prof. RNDr. Michala Kotoula, DrSc. Práce se 
věnuje problematice obecných koncentrátorů napětí v anisotropních 
prostředích. Zejména se jedná o problém trhlin končících na rozhraní 
dvou různých materiálů, či problém obecného více-materiálového klínu. 
Práce je členěna do několika částí, kde první je věnována rešerši v oblasti 
řešené problematiky, druhá část je potom věnována jednotlivým metodám 
zvolených pro splnění cílů práce, tj. popis pole napětí v okolí obecného 
koncentrátoru, zahrnutí vlivu přemostění trhliny do výsledného pole napětí 
a definici lomových kritérií pro obecný koncentrátor v anisotropním 
prostředí. Poslední část je věnována ukázkovým příkladům, tedy aplikaci 
metod na konkrétní bi-materiálové modely. U popisu pole napětí je využit 
tzv. Lechnického-Strohův formalismus a technika spojitě rozložených 
dislokací využívající teorii komplexních potenciáů. Prvním krokem je 
analýza singularity obecného koncentrátoru, dále výpočet zobecněného 
součinitele intensity napětí a T-napětí. Získaný asymptotický rozvoj pro 
napětí a posuvy se následně uplatní při formulaci lomových kritérií, 
přičemž je použita teorie tzv. „konečné lomové mechaniky“ a teorie 
sdružených asymptotických rozvojů. Veškeré potřebné výpočty jsou 
prováděny v matematických softwarech MAPLE 10.0 a MATLAB 7.1 a 
konečnoprvkovém systému ANSYS 10.0. V práci je široce uplatněn tzv. 
dvoustavový Ψ-integrál, založený na Bettiho recipročním teorému. Využit 
je pro výpočet zobecněného součinitele intensity napětí, T-napětí, výpočtu 
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The increasing use of fibre-reinforced composites (or other modern materials) in high 
performance structures has brought a renewed interest in the analysis of cracks in 
anisotropic and moreover heterogeneous media. Without the tools for the assessment of 
fracture-mechanics behaviour of these materials it is impossible to apply them into any 
critical machine parts, where the unexpected failure can have a catastrophic consequence. 
Therefore, there is a necessity to correctly assess the singular points in constructions 
(potential stress concentrators) and be able to predict their future behaviour during the 
operation. Lot of recent works have been focused on the description of the general stress 
concentrators in isotropic media. As a consequence, this field is explored quite well. 
However, in case of the anisotropic materials, there are certain complications which 
generally disallow applying the same approaches as for isotropic materials. Therefore, it is 
necessary to find other possible ways how to involve general anisotropy into the solution 
and assessment of the general stress concentrators. 
     Most matrices of the advanced composite materials are brittle. They prone to cracking 
under very low applied stresses and the failure frequently occurs in the form of multiple 
matrix cracking. The orientations of these cracks may vary depending on the relative 
position of the reinforcement in relation to the load. The stress field in the neighbourhood 
of crack is governed by the overall anisotropic material response. The existence of material 
interfaces in composites, especially in laminates, brings other problems in the analysis of 
cracks – the problem of cracks terminating at the interface of two anisotropic (most often 
orthotropic) solids and the problem of interfacial cracks [22]. These problems are also 
encountered in the technology of protective coatings. For the assessment of crack 
behaviour in the aforementioned situations it is essential to investigate and describe the 
stress field near the crack tip. Although the FE analysis is capable of capturing the singular 
stress behaviour near a corner or a crack tip in homogeneous regions with a refined mesh 
of conventional elements, this traditional FE approach fails to accurately capture the 
appropriate singular behaviour near a corner or a crack tip at the junction of dissimilar 
materials. A very promising approach to an accurate calculation of the near crack tip fields 
consists in the application of so-called two-state (or mutual) conservation integrals - [34], 
[40], [80], [107]. The two-state conservation integrals, e.g. in conjunction with a 
displacement-based FEM provide an efficient tool for calculating the stress intensities and 
elastic T-stresses without need of the very fine mesh in the singular point vicinity. This is a 
major advantage over the singular finite elements [93], and other various special 
techniques such as the boundary collocation or the singular hybrid FEM.  
The problem complexity can be further increased by presence of the bridging phase 
which can significantly influence the resulting stress field in the vicinity of the crack tip. 
These situations can be often found for example in laminated structures composed of 
layers which are reinforced by long fibres. In spite of the crack existence in some layer, 
there may be present intact bridging fibres which positively influence the fracture 
behaviour of the structure (due to the crack closure effect). Therefore, this fact should be 
also involved in the stress field analysis which stands as a basis for the subsequent 
fracture-mechanics behaviour assessment. The main objective of this assessment and of the 
whole described problems is to understand the mechanism of competition between the 
crack deflection along the interface and penetration into the adjoining material and be able 
to design such a construction which will exhibit the desired behaviour. The solved 
problems are very topical and will provide a basis of the subsequent research following 
this thesis. 
Doctoral thesis   
16 
2 Analysis of the investigated problems 
2.1 Basic terms 
General stress concentrator: 
Generally the singular stress field in the vicinity of a singular point exhibits the asymptotic 
behaviour σij ≈ rδ-1, where r is the distance from the singular point, δ is called a 
characteristic eigenvalue of the singularity and 1-δ is called as a stress singularity 
exponent. In the case of sharp crack in homogenous media, this singularity exponent is 
equal to 0.5. If the singularity exponent differs from this value, the stress concentrator is 
called a general stress concentrator. In that case the characteristic eigenvalue (or 
singularity exponent) can generally acquire a value from the interval (0,1). It can be also 
generally complex, whereas the real part is from interval (0,1). 
For instance, the following configurations give rise to the general stress concentrators: 
o Cracks or notches with tip on the interface of two dissimilar materials (can be 
positioned at arbitrary angle to the interface) 
o Interfacial cracks 
o V-notch 
















Fig. 1  Different types of the general stress concentrators – crack terminating at the interface of two 
dissimilar materials, interfacial crack, notch and V-notch and a general multimaterial wedge. 
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2. Analysis of the investigated problems
Complex potential theory: 
The Lechnitskii formalism is the oldest and the most frequently used formalism in 
engineering practise employed for the description of plane deformation of anisotropic 
media – see [52], [53], [54] and [55]. This formalism is in fact a generalization of the 
Muschelishvilli theory [67] of complex potentials in plane isotropic elasticity which 
assumes that stresses are dependent only on coordinates x1 a x2. Therefore, in relations 
outgoing from the Lechnitskii theory the components of the reduced compliance matrix 
occur. The opposite situation is in the case of the Stroh formalism which comes out of the 
works [20] and [85]. The Stroh formalism assumes that displacements Ui (i=1, 2, 3) are 
dependent on coordinates x1 and x2 (axes of coordinate system with origin at the crack tip). 
Due to this assumption, instead of the compliance matrix components in the corresponding 
relations, the components of the stiffness matrix are present. The advantage of the Stroh 
formalism is its mathematical elegance and its power in the solution of 2D anisotropic 
elastic problems. 
In case of the general plane anisotropic elasticity it is necessary to consider all 
components of the stress and strain tensor. Each anisotropic material can be characterized 
by three complex numbers μi (i=1, 2, 3) and their complex conjugate opposites. The 
numbers μi are eigenvalues of the matrix 3×3 whose elements depends on material elastic 
properties. A significant simplification can be made if the stiffness (or compliance) matrix 
has a symmetry planes, as e.g. in the case of orthotropic materials. In such a case the 
number of characteristic material eigenvalues is reduced to two and the nonzero 
components of stress (strain) tensor are reduced only to ijσ  or ijε , where , 1, 2i j = . 
The singular stress and displacement field in the vicinity of the crack tip is useful to 
express as a functions of polar coordinates r and θ: 
1( ) , ( ) ,δ δ−= θ σ = θi i ij ijU H r g H r f           (1) 
where δ is a characteristic eigenvalue of the given singularity which is obtained as a 
solution of the singular eigenvalue problem. The Generalized Stress Intensity Factor H 
depends on the external load and on the whole body geometry.  
 
Generalized Stress Intensity Factor (GSIF): 
Within the framework of the linear-elastic fracture mechanics, the stress field in the 
vicinity of the general stress concentrator is possible to write (for the general case of 
loading) in the following form: 
( ) ( ) ( ) ( ) ( )1 2 1 2δ 1 δ 1 δ( ) 1 1 1 2 2 2 1 1 2 2, , ,δ , , , ,δ , ... .ij tip ij ij i j i jH r f H r f T T O r− −= ⋅ ⋅ φ + ⋅ ⋅ φ + + +σ α β θ α β θ δ δ δ δ    (2) 
Expansion (2) is called a Williams asymptotic stress expansion [2]. The first two terms 
are singular (generally there can be also more of them or only one). The amplitude of the 
singular term is then called a Generalized Stress Intensity Factor and is denoted as H1 or 
H2. Here, H1 corresponds to the GSIF of a stronger singularity and H2 to the GSIF of a 
weaker singularity (note that H1 can be matched with the stress intensity factor KI for a 
crack in homogenous body, where characteristic eigenvalues δ1 and δ2 are equal to 1/2). 
Variables r and θ denote the polar coordinates, T is the T-stress and O(rδ) are the higher 
order terms which are negligible in comparison with the previous ones for r→0. 
Doctoral thesis   
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T-stress: 
The T-stress is a non-singular term in the Williams asymptotic expansion (2) denoted as T.  
It represents stress component σxx acting parallely with the crack faces. This term is not 
dependent on the distance from the crack tip (on the polar coordinate r). The T-stress is a 
second fracture-mechanics parameter which mostly characterizes the influence of the body 
geometry and it can be also used for the description of the constraint effect at the crack tip. 
T-stress can be tensile (positive) or compressive (negative). Its value is changing with the 
applied stress, specimen geometry and is also dependent on the boundary conditions. Since 
it can have a significant influence on the fracture-mechanics behaviour of the stress 
concentrator, there is necessary to have some available methods for its determination. 
Some of them are mentioned in the chapter 4.1.4 with the corresponding references to the 
literature. 
 
2.2 Definition of the studied problem 
The main subject of the thesis is the analysis of the behaviour of the general stress 
concentrators in the anisotropic media. The goal is to work up a suitable technique for the 
description of the stress field in the vicinity of the general stress concentrator with 
involvement of a possible crack bridging effect. Subsequently, to set up a criterion which 
will have made possible to predict failure behaviour originated at the given loading 
conditions. All materials are considered to be orthotropic (or generally anisotropic). In 
case of the full orthotropy the nine independent material characteristics are required to its 
description and in case of the transverse isotropic material only five independent elastic 
constants are needed (due to the material symmetry). All studied problems are restricted to 
the validity of the linear elastic fracture mechanics (LEFM). Solution of these problems is 
of a high importance for the fracture-mechanics analysis of e.g. laminated composite 
structures composed of anisotropic laminae, analysis of the protective surface layers or 
some general multimaterial wedges. 
 
Fig. 2 Geometric configurations of general stress concentrators in anisotropic media solved within 
the thesis: a) crack perpendicular to the bi-material interface; b) crack situated at arbitrary angle to 
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3. Problem formulation
3 Problem formulation 
In order to describe fracture-mechanics behaviour of the studied general stress 
concentrators (Fig. 2), first the stress field has to be investigated and subsequently the 
suitable fracture criterion defined. Namely the following steps are required to perform: 
) In the first step it is necessary to obtain the characteristic eigenvalue(s) of the given 
singularity which are in case of the general stress concentrator different from 1/2. 
The studied geometric configurations are depicted in Fig. 2. In literature one can 
find several approaches which can be used for the singularity analysis. In case of 
isotropic materials, it is possible to employ analytical solution as was proposed by 
Williams and used e.g. in [68]. However, the approach is not very suitable for the 
case of junction of more than two materials, especially in case of generally 
anisotropic materials. It is due to resulting very long analytical expressions which 
are significantly difficult to manipulate. For this reason, it is better to employ e.g. 
some semi-analytical methods based on the complex potential theory and Stroh 
formalism which simplify the problem. 
) In the second step, the stress distribution in the vicinity of the general stress 
concentrator has to be determined. This step is in fact connected with the step no. 
one. That is, after the appropriate eigenvalues of the given singularity are found, 
the eigenvectors describing the distribution of the stress field can be calculated (by 
the same method). 
) In the third step, the amplitude of the singular term in Williams asymptotic 
expansion (2) (Generalized Stress Intensity Factor - GSIF) has to be determined for 
a selected configuration. It is an important fracture-mechanics parameter, which 
involves the information about the loading conditions. To refine the local stress 
field description, considering the T-stress may improve a characterization of the 
fracture behaviour. In many cases, it can have a significant influence on this 
behaviour. The GSIF or the T-stress can be calculated e.g. using a combination of 
the FEM and two-state integral method based on Betti’s theorem. For the same 
purpose the Continuously Distributed Dislocation technique can be used as well. 
) The fourth step (optional) depends on the solved material configuration. It involves 
a case, when the crack is bridged by long fibres and the goal is to quantify the 
bridging effect and its influence on the applied GSIF (from the third step). These 
crack bridging situation can be very often found e.g. in some laminated structures 
composed of plies with long fibres, where the possible crack in some ply is bridged 
by these fibres. If the bridging effect exists, it should be taken into account, 
because it can have a significant influence on the crack stability. 
) In the last step, the appropriate fracture criterion for the general stress concentrators 
is to be set up and defined. Within the thesis, the criteria based upon the energetic 
approach, are to be applied. The main goal is to propose a procedure which allows 
to predict a fracture stemming from the concentrator. Particularly, the possibility of 
crack deflection along the interface (single or double) or further penetration of the 
main crack across the interface into the next material will be considered. The 
competition between these processes will be assessed. 
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4 Summary of references relating to the solved problems 
With regards to the solved problems (as stated in the previous sections), this chapter will 
be divided into three main parts which will include the recherché study in the field of the 
thesis topic. The main objective is to give information concerning the current state of 
research and to find suitable techniques for the solution of the defined problems. In the 
fourth, summarizing part of this chapter all findings with respect to own work objectives 
are classified. 
4.1 Description of the stress field in the vicinity of the general stress 
concentrator 
4.1.1 Singularity analysis 
In the first stage of the analysis of the stress field induced by the general stress 
concentrator, the eigenvalues and eigenvectors pertaining to the given singularity have to 
be found. These eigenvalues determine the stress singularity exponent – the order of the 
stress singularity in the Williams-like asymptotic expansion (2). The eigenvectors 
determine the shape and distribution of the stress field (see function fij(θ) in (1)). Note that 
when the eigenvalue changes from real to complex at some combinations of elastic 
constants and crack/wedge geometry, multiple eigenvalues corresponding to the same 
independent eigenfunction may occur. For the singularity analysis, two main categories of 
numerical methods are available – explicit and implicit methods - [71]: 
a) Explicit methods 
An explicit form of the transcendent equation for the eigenvalues of the singular problem – 
roots of this equation are the eigenvalues of the singular problem operator is derived. 
Analytical solution was proposed e.g. by Williams or Westergaard and used in works [33], 
[68] or [76] for a solution of the problem of crack terminating at the interface in isotropic 
solids. However, from practical point of view, this solution is limited to isotropic materials 
(or very special cases of anisotropy) and at present, only to the problems of maximum tri-
material wedge. As was already mentioned, it is because it leads to very long analytical 
expressions which are significantly difficult to manipulate. For the bi-material case, the 
authors of [16], using similar techniques, obtained explicit eigenequations with each 
expression corresponding to a different boundary condition. In [108] an explicit closed 
form expression for the eigenequation for a tri-material wedge includes the uni- and bi-
material cases. The eigenequation was again derived as the determinant of a 2x2 matrix. Its 
roots were sought in a given region of the complex plane. As is noted in the above papers, 
the uniform expression for a tri-material wedge is 15 pages long and is almost impossible 
to work out by hand, while for a four-material wedge, the size of the expression is too big 
to handle even with symbolic manipulation programs. Therefore some other approaches 
based on the semi-analytical solution have to be used.  
- L.E.S. method 
The method is named after Lechnitskii [55], Eshelby [20] and Stroh [85] who introduced 
the complex potentials for anisotropic bodies. The complex potentials formally satisfy the 
equilibrium, the compatibility equations and the elastic/strain laws but the specific form of 
the solution is gained by matching boundary conditions. The stresses σij, displacements Ui 
and a resulting force Ti along the half-line leading from the origin of coordinate system is 
possible to write in the following form:  
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4. Summary of references relating to the solved problems
( ) ( ) ( )δ 1 δ δ,... , ,... , ,... ,ij ij i i i iH r f U H r g T H r F−= ⋅ ⋅ = ⋅ ⋅ − = ⋅ ⋅σ θ θ θ             (3) 
where fij(θ,…), gi(θ,…) and Fi(θ,…) are the functions of the polar coordinate θ, material 
elastic properties (given by material stiffness matrix), further of the characteristic material 
eigenvalues μi (see chapter 2.1), and mainly of the searched singularity exponent 
(characteristic eigenvalue of the singularity δ). The means of obtaining the complex 
numbers μi have been proposed by Lechnitskii [55], Eshelby et al. [20]  and summarized 
by Suo in [86]. 
Providing a perfect bonding between two adjacent materials and application of 
appropriate boundary conditions (equivalent displacements Ui and resulting force Ti along 
the interface of the adjoining materials and traction free crack surfaces) we get a system of 
4N homogenous linear equations [17] (N is the number of material wedges). This system is 
shortly possible to write in the following form: 
(δ) 0,=K v              (4) 
where for non trivial solution all equations have to be linear dependent, so the determinant 
of system matrix K have to be zero (det(K)=0). From this condition we get a non-linear 
equation whose roots are the searched characteristic singularity eigenvalues δ. The real 
part of the least root from interval (0,1) define a singularity exponent (δ1-1) – see (2). 
- Transfer matrix method: 
The procedure originally developed by Ting [95], [96], [97] is an efficient tool for the 
singular characterization of non-degenerate anisotropic multimaterial corners. The ith 
material wedge occupies the polar sector ωi−1 < θ < ωi, i = 1, . . . ,N (see Fig. 1). Perfect 
bonding is considered between material wedges. Fixed or free boundary conditions are 
considered at the external faces. The solution can be written in the condensed form using 
the complex variable zα=x1+ pαx2 =r(cosθ + pαsinθ)=rζα(θ): 
( ) ( )δ δ, ,r r=w XZ qθ θ           (5) 
where wT(r,θ) = [u(r,θ),Φ (r,θ)]T, u stands for the displacement vector and Φ is the stress 
function vector. pα are three distinct complex numbers with positive imaginary parts, 
which are obtained as the roots of the characteristic equation 
( ) 21 1 1 2 2 1 2 2det 0 .i k i k i k i kc p c c p c⎡ ⎤+ + + =⎣ ⎦      (6) 






,   ,
0





ζ           (7) 
where A and L are matrices given by ( )2 1 2 2i k i k i kL A c p cα α α= + , Akα denotes the 
eigenvector corresponding to the eigenvalue pα above, the overbar denotes the complex 
conjugate. δ δ δ δ* 1 2 3diag , ,ζ ζ ζ ζ⎡ ⎤= ⎣ ⎦ . δ∈(0,1) is the characteristic eigenvalue of the 
singularity, [ ], TT =q v v  is the corresponding eigenvector which can be determined up to a 
multiplicative constant. If δ is a real number, then =v v . Ting’s procedure makes use of a 
transfer matrix, which transfers the displacements and stress function vector components 
from one edge of the material wedge to the other. Using the continuity conditions 
introduced by the hypothesis of perfect bonding between the wedges, wi(r, ωi ) = wi+1(r, 
ωi)(i = 1, . . . ,N−1), and the transfer matrix for each wedge, it is easy to arrive at an 
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expression for the whole multimaterial corner, as it relates the variables between its 
external faces (ω0 and ωN): 
( )
( )
( ) ( )














⎡ ⎤⎡ ⎤ ⎡ ⎤= ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦
u K K u
Φ ΦK K
ω ω
ω ω         (8) 
where KN is obtained by the product of the sequence of the successive transfer matrices Ei 
of all the wedges in the corner: 
( ) ( ) 1δ δ 1N N N-1 2 1 1... ,   .i i i − −−⎡ ⎤= ⋅ ⋅ ⋅ = ⎣ ⎦K E E E E E XZ Z Xω ω    (9) 
This is worthy of note that Ting’s procedure directly yields a linear system whose size 
is 3×3 or 6×6, irrespective of the number of materials N, contrary to traditional analytical 
procedures leading to a linear system of (6N ×6N). 
- Continuously distributed dislocation technique 
This technique can be used for modelling of arbitrary cracks (opened or closed ones) [26] 
and it is based on the so-called Bueckner’s principle. The basic idea is to use the 
superposition of the stress field present in the uncracked body, together with the unknown 
distribution of edge dislocations, chosen so that the crack faces become traction free. In 
other words, the crack is modelled by means of the continuous distribution of edge 
dislocations along the crack with a certain dislocation density which is unknown in the 
beginning of the solution and has to be determined. The goal is to set up an integral 
equation where the appropriate fundamental solution for the isolated dislocation is 
integrated along the crack line (the dislocations are distributed with certain dislocation 
density). By solving resulting Fredholm’s integral equation the dislocation density is 
found. When this function of dislocations distribution is known, arbitrary quantity (stress 
or displacement) in the vicinity of the crack tip can be calculated. Also GSIF or the T-







Fig. 3. Modelling of the crack by means of the CDD technique: a) crack perpendicular to the bi-
material interface; b) Isolated dislocation in the semi-infinite plane; c) Array of dislocations 
distributed along the crack plane with certain dislocation density. 
On the basis of work of Suo [86] it is possible to write the stress field component (e.g. 
σ1i) induced by one isolated dislocation with Burger’s vector bi placed in the point (x1o ,x2o) 
in infinite anisotropic bi-material in the following form: 
( )1 1 2 1, . .,   24 α α αβ β αα β α β α α
⎡ ⎤⎛ ⎞σ = − + + ∈⎢ ⎥⎜ ⎟⎜ ⎟π − ς − ς⎢ ⎥⎝ ⎠⎣ ⎦∑ ∑
II II II IIk k
i o o i k k
d dx x L p G M M C C z
z z
        (10) 
( )1 1 2 1, . .,   14 α α αβ βα β α β
⎛ ⎞σ = − + ∈⎜ ⎟⎜ ⎟π − ς⎝ ⎠∑ ∑
I I II k
i o o i k
dx x L p C M C C z
z
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4. Summary of references relating to the solved problems
where the indices I a II refers to the material 1 and 2 respectively and C.C. is an expression 
complex conjugate to the previous one. The matrices L and M contain information about 
the bimaterial elastic properties and pα are the characteristic material eigenvalues–see [86].  
Introduce the local density of the Burger’s vector fk in some position (x1=0, x2) and 
define 
( )2 2 ,=k k o od f x dx               (12) 
where dk is the elementary Burger’s vector between x2o and x2o+ dx2o. By integration of   
(10) along the whole crack one obtain the integral equation for stresses induced by the 
dislocation density fk  in position (0, x2): 
( ) ( ) ( )0 02 2 2 21 2
2 22 2




α αβ β α
α β β −∞ −∞
⎧ ⎫⎡ ⎤⎛ ⎞⎪ ⎪⎢ ⎥⎜ ⎟σ = − + +⎨ ⎬⎢ ⎥⎜ ⎟π −−⎪ ⎪⎢ ⎥⎝ ⎠⎣ ⎦ ⎭⎩
∑ ∑ ∫ ∫II
II
II
k o o k o oII II II
i i k kII p
oop
f x x f x xpx L G M M C C
p x xx x
 (13) 
The asymptotic stress field in the vicinity of the crack tip is possible to model using  
(13) with dislocation density fk : 
( ) ( )2 2 2,    0,−δ= ⋅ − <k o k o of x H v x x                 (14) 
where δ is the characteristic eigenvalue of the singularity which is searched, vk are 
components of the corresponding eigenvector and H is the generalized stress intensity 
factor. By substitution (14) into (13), integration and application of the boundary condition 
of traction free crack surfaces one obtains: 





⎧ ⎫⎡ ⎤⎛ ⎞⎪ ⎪⎢ ⎥− πδ − δ πδ = ⇒ δ ⋅ =⎜ ⎟⎨ ⎬⎜ ⎟⎢ ⎥⎪ ⎪⎝ ⎠⎣ ⎦⎭⎩
∑∑ D   (15) 
The eigenvalues δ  are obtained from the characteristic eigenequation:  
( )det δ 0.=⎡ ⎤⎣ ⎦D             (16) 
The potentials for the interaction of an edge dislocation with the interface of two 
anisotropic materials can be obtained by invoking the standard analytical continuation 
arguments along the interface, as described by Suo in [86] and [87]. This work describes 
how the presence of other singularities, as for example the bimaterial interfaces, influences 
the solution for the edge dislocation which is placed in the infinite homogenous plane. 
- Babuska’s method: 
The eigenpairs δ, q (as defined in the Transfer matrix method paragraph) can also be 
evaluated using the method developed by Papadakis and Babuska in [71]. Their method 
can be used with multi-material wedges, with anisotropic materials and general boundary 
conditions under the assumption of plane strain. Along the interfaces at θ = ωi, the 
following continuity conditions are assumed [ ] [ ]0,   0i i= =U t  where U is the 
displacement vector, t is the traction vector and the brackets denote a jump along θ = ωi. 
The problem of finding the characteristic exponent δ can be viewed as the following 
eigenvalue problem: Find the characteristic exponent δ such that there exists F ≠ 0 such 
that  
( ) ( ) ( )
( ) ( ) ( ) ( )
1
1 2 1 1
;   in , 
0  for = ,  0 for = ,
i i
i i i i
+
+ +
∂ = δ ω ≤ ≤ ω∂
δ ω = ω δ ω = ω⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦
F
F
O F O F
Hθ θ θ θθ
θ θ
         (17) 
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H  is a 4×4 matrix whose elements depend in a complicated manner upon elastic constants 
and the angle θ, O1, O2 are 2×4 matrices and F(θ) is 4×1 vector ( ) [ ], , , Tr ru u u u′ ′=F θ θθ , 
where ur and uθ stand for radial and tangential displacement component respectively. The 
general idea in solving the above problem is as follows: First construct two initial value 
problems using the matrix H (δ, θ) and start with two independent initial vectors that 
satisfy the left boundary conditions 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0 0; , 0 and ; , 0 ,′ ′= δ = = δ =F F F ζ F F F ψH Hθ θ θ θ θ θ        (18) 
where ζ0 , ψ0 are two linearly independent vectors which satisfy the boundary conditions 
O1(δ)ζ0 = 0, O2(δ)ψ0 = 0; ζ0 ψ0 can be determined a priori. Then the fact that a linear 
combination of the solution of the two initial value problems ( ) ( )1 2k k+ζ ψθ θ will be a 
solution of Eq. 7 only if it satisfies the right-hand side boundary conditions, leads to the 
formation of the determinant of a matrix which depends on δ. Specifically, in each 
material, two initial value problems are solved and the interface conditions are used to 
calculate two independent vectors which will be used as the initial vectors for the initial 
value problem in the next material. Finally, ( ) ( )1 2k k+ζ ψθ θ  solves Eq. (17) if k1, k2 are 
chosen to satisfy  
( ) ( ) ( )( ) ( ) 12 1 2
2




⎡ ⎤δ ζ ω + ψ ω = δ =⎢ ⎥⎣ ⎦
O D        (19) 
For non zero k1 a k2 satisfying (19) the determinant det[D(δ)] must vanish. A special 
iterative procedure named Shoot was developed to solve the problem in equations (17) - 
(19). This method has been also used in work [46] for calculation of eigenvalues of the 
multimaterial wedge. 
A special iterative procedure named Shoot was developed to solve the problem (17)-(19) 
in the MATLAB 7.1 and presented in [46] and [74].  
 
Fig. 4  Scheme of multimaterial wedge. 
b) Implicit methods 
These methods do not lead to the closed form of the equation for the eigenvalues, they are 
slower, however they can be used also for the anisotropic materials and multi-material 
wedges as well. For example a method based on the variational formulation of the solved 
problem is available [49]. The main idea is to replace the classical formulation by the 
variational one by the construction of functional as sesquilinear form [71]. The classical 
approximation for the finding of functional minimum using FEM leads to the homogenous 
system of algebraic equations for eigenvalues and eigenvectors. In other words, the 
problem of infinite dimension is converted into discrete one. These methods will not be a 
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4.1.2 Description of the singular stress field 
Crack in anisotropic homogenous body 
The problem of a crack in general anisotropic material under LEFM conditions is 
presented in work [81]. Three methods are presented for the calculation of the stress 
intensity factors for various anisotropic materials. All of the methods employ the 
displacement field obtained by means of the finite element method. The first one is known 
as displacement extrapolation and requires the values of the crack face displacements. The 
other two are conservative integrals based upon the J-integral. One employs symmetric and 
asymmetric fields to separate the mode I and II stress intensity factors. The second is the 
M-integral which also allows the calculation of KI and KII separately. All of these methods 
were originally presented for isotropic materials. Displacement extrapolation and the M-
integral are extended for orthotropic and monoclinic materials, whereas the JI- and JII-
integrals are only extended for orthotropic material in which the crack and material 
directions coincide. Results are obtained by these methods for several problems appearing 
in the literature. Good to excellent agreement is found in comparison to published values. 
New results are obtained for several problems. In Part II, the M-integral is extended for 
more general anisotropies. In these cases, three-dimensional problems must be solved, 
requiring a three-dimensional M-integral. Similar problem were studied also in work [38]. 
Crack terminating at the interface of two different anisotropic materials 
Number of works has been devoted to the problem of singularity analysis of cracks 
terminating at the interface in anisotropic media – e.g. [56], [97]. Ting in [97] studies the 
order of stress singularities at the tip of a crack which is normal to and ends at an interface 
between two anisotropic elastic layers in a composite material. Work [56] extends this 
study on problem of inclined crack at the bi-material interface. Equations for determining 
the stress singularity exponent are derived. The works are based on the complex potential 
theory which is analyzed in more details in [95].  
Multimaterial wedge in anisotropic media 
In the paper [10] the singular stress states induced at the tip of linear elastic multimaterial 
corners are characterized in terms of the order of stress singularities and angular variation 
of stresses and displacements. Linear elastic materials of an arbitrary nature are 
considered, namely anisotropic, orthotropic, transversely isotropic, isotropic, etc. Thus, in 
terms of Stroh formalism of anisotropic elasticity, the scope of that work includes 
mathematically non-degenerate and degenerate materials. Multimaterial corners composed 
of materials of different nature (Fig. 1) are typically present at any metal-composite, or 
composite-composite adhesive joint. Several works are available in the literature dealing 
with a singularity analysis of multimaterial corners but involving (in the vast majority) 
only materials of the same nature (e.g., either isotropic or orthotropic). Although many 
different corner configurations have been studied in literature, with almost any kind of 
boundary conditions, there is an obvious lack of a general procedure for the singularity 
characterization of multimaterial corners without any limitation in the nature of the 
materials. With the procedure developed in [10], and implemented in a computer code, 
multimaterial corners, with no limitation in the nature of the materials and any 
homogeneous orthogonal boundary conditions, could be analyzed. This work is based on 
an original idea of Ting [95] in which an efficient procedure for a singularity analysis of 
anisotropic non-degenerate multimaterial corners is introduced by means of the use of a 
transfer matrices (as mentioned in chapter 4.1.1) – see also [44]. 
Doctoral thesis   
26 
4.1.3 Overview of references focusing on the GSIFs and T-stress calculation 
The next stage of the stress field analysis consist in the GSIF calculation (parameter H in 
(2)). There are several approaches for the calculation of the singular term amplitude in the 
Williams asymptotic expansion. One of the simplest is based on the comparison of 
numerical calculations of the stress (or displacement) field in front of the crack tip (e.g. by 
FEM) with the appropriate analytical expressions for stresses or displacements. GSIF is 
then extracted for r→0 – see e.g. works [68], [99]. This approach is called a “direct 
method” and it can be used for cases where only one singularity is present. The accuracy of 
this method is strongly dependent on the element size at the crack tip. The higher accuracy 
is desired, the smaller elements have to be placed in the vicinity of the crack tip. This 
condition can therefore lead to high computation times and to dis-economy of this 
approach. Note, that stress intensity factor in case of general stress concentrators cannot be 
calculated using any function integrated in commercial FE software (these functions are 
designed only for cracks in homogenous media - [3]). A specific FE post-processing 
approach is also proposed in work [6]. 
Another, much more effective method, which can be used, for the GSIF calculation 
(eventually also the T-stress calculation) is based on the method of two state (interactive) 
integrals in combination with FEM – e.g. [1],  [17], [32], [39]. This method enables to 
determine the local stress field parameters in the vicinity of the crack tip using the 
deformation and stress field in the remote points, where the numerical results obtained e.g. 
using FE analysis are more accurate. The two-state integrals, which are path independent, 
are based on the J-integral [22], [32] or M-integral [23]. The physical meaning of the M-
integral is interpreted as an energy release rate with respect to the unit expansion of 2D-
cavity. 
The application of the two-state integrals requires knowledge of the so-called auxiliary 
solution in the form of eigenfunctions of the appropriate singular problem [39]. The value 
of the two-state integral is possible to express in the closed form from the local stress-
strain field and from an auxiliary solution. 
The auxiliary solution has been found for the semi-infinite or finite crack, generally 
terminating at the interface of two anisotropic materials. In the connection with a 
description of V-notches or other general stress concentrators it is necessary to point out 
that J-integral is not path independent, so it cannot be applied for the calculation of GSIF 
in these cases. On contrary the two-state M-integral is path independent for the case of V-
notch configurations [23]. 
GSIF can also be determined using the so-called Ψ-integral [17]. This method which 
turned out to be very efficient is an implication of the Betti’s reciprocity theorem. Major 
advantage of this integral consists in its path independency also for cases of multimaterial 
wedges in anisotropic media [84] – that is result of its definition. The reciprocal theorem of 
elastostatics states that in the absence of body forces and residual stresses the reciprocal 
theorem states that the following integral is path independent 
( ) ( ) ( ), dij i j ij i jn V n U s
Γ
⎡ ⎤Ψ = σ − σ⎣ ⎦∫U V U V ,               (20) 
where Γ is any contour surrounding the crack tip and U, V are two admissible 
displacement fields. The asymptotic expansion of the displacements U(x) is possible to 
write in the following form 
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( ) ( ) ( ) ( ) ( ) ( )31 21 1 2 2 3 3
0
0 ... ,   1ii i
i
x H r H r Tr k r
∞δ δδ δ
=
= + + + + = δ =∑U U u u u uθ θ θ θ ,    (21) 
where H1 ,H2 are the generalized stress intensity factors ( ) ,  1, 2i i =u θ  are the angular 
distribution of the displacements corresponding to the singular terms in the stress 
asymptotic expansion and ( )3u θ  is the angular distribution of displacements for the T-
stress. In the following we will consider ( )0 0=U . T-stress is a non-singular stress 






T x −→= σ . Due to the elastic mismatch, there exists also the non-singular stress 
component σ11 ahead of the crack tip, i.e. in the material M1, contrary to homogeneous 
materials, where T-stress is the only non-singular in-plane stress component. If the 
following displacement fields are considered ( ) ( ) ,ii ix rδ= =U uU θ ( ) ( )jj jx rδ= =V uU θ , 
(where δi, δj are obtained by solving the eigenvalue problem, see the Section 4.1.1, it can 
be proved  [49], [101], that the contour integral Ψ is equal to zero for -δi ≠ δj and non-zero 
if -δi = δj. Since the basis function corresponding to coefficients k1 =H1, k2 =H2, k3 =T in 
the asymptotic expansion for U are ( ) ( ) ( )31 21 2 3, ,r r rδδ δu u uθ θ θ , it holds 
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
1 1 1 1
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,            (22)  
where ( )1 11 1,r rδ −δ −Ψ u u  is computed analytically along the path Γ1 surrounding the crack 
tip with diameter approaching zero, while ( )1 1, r−δ −Ψ U u  is computed along Γ2 which is 
any remote integration path with finite diameter (see Fig. 5). Thus, the GSIFs H1= k1, H2= 
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      (23) 
Observe, that the dual displacement fields (so called extraction solutions) ( )i ir−δ −u θ  
are singular at the crack tip, hence they have unbounded energy near the crack tip and thus 
correspond to some concentrated sources at the crack tip. They are mathematical tools 
which allow extracting asymptotic coefficient terms from the complete exact solution U. 
Since the exact solution U is not known, a finite element solution Uh can be used as an 
approximation for U so to obtain an approximation for GSIFs see e.g. [74], [75]. Thus, one 
gets e.g. for H1 
( )
( )
( ) ( )













h r r sr
H





δ −δ δ −δ −δ δ
− − −
Γ
⎡ ⎤⋅ ⋅ − ⋅ ⋅⎣ ⎦Ψ = ⎡ ⎤Ψ ⋅ ⋅ − ⋅ ⋅⎣ ⎦
∫
∫
σ U n u σ u n U
U u
u u σ u n u σ u n u
    (24) 
and similarly for H2. 
Due to the path independence, the Ψ-integral standing in the denominator of Eq. (23) 
is evaluated along an infinitesimal path that shrinks to the crack tip. 




Fig. 5  Integration paths surrounding the singular point. 
4.1.4 Description of the non-singular stress field 
The non-singular term in the Williams asymptotic stress expansion – the T-stress - is often 
neglected. However, when aiming to describe the stress field in the vicinity of the crack tip 
more exactly, it should be also paid the same attention to the T-stress as to GSIF. The 
singular terms in the Williams asymptotic expansion corresponds to the characteristic 
eigenvalues δ ∈  (0,1). The T-stress term is related to the characteristic eigenvalue δ = 1, so 
it is no more singular.  
It is well known that the T-stress co-determinates plastic zone size at the crack front 
(for metals), microcracking region (or phase transformation region) – for brittle materials 
and structural ceramics. T-stress also has a significant influence on the crack initiation 
angles in brittle fracture [64]. In general, numerical determination of T-stresses requires 
careful handling, because of their location in the vicinity of singular points. A closed form 
solution of the T-stress in plane elasticity crack problems in homogenous materials is 
possible to find for example in [36]. However, for the case of general stress concentrators, 
this solution can be very complicated or even impossible. There exist lot of other methods 
for the T-stress determination in case of stress concentrators in homogenous media [79], 
but most of them fail if they are applied on general stress concentrators. In these cases 
there are several other possibilities and approaches how the T-stress can be obtained: 
Calculation of the T-stress using FEM 
Estimation of the T-stress using the FE analysis is possible with a quite good accuracy for 
cracks in the homogenous materials. However in case of the general stress concentrators 
this analysis becomes controversial due to the presence of media discontinuity at the 
interface. This approach can be used only as a first approximation, but cannot be taken as 
an accurate solution. The T-stress is estimated by this method as a stress in direction of the 
crack face at distance r→0 from the crack tip. The estimation is strongly dependent on the 
mesh refinement in the vicinity of the crack tip. 
Calculation of theT-stress using contour integrals 
Calculation of the T-stress in the anisotropic linear elastic homogenous solid is presented 
in papers [106] and [88]. The T-stress is calculated using the path independent line integral 
and Betti’s reciprocal work theorem, together with selected auxiliary fields. To determine 
the T-stress, special auxiliary fields for a crack under moment acting about axis x3 at the 
crack tip are used. Through the use of Stroh formalism in the anisotropic elasticity, 
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simple structure in terms of one of the Barnett-Lothe tensors, L – see e.g.. [105]. The 
solution forms for degenerated materials, monoclinic, orthotropic, and isotropic materials 
are also presented. However, all the presented theory is applicable only to the case of crack 
in the homogenous body. In case of the general stress concentrators the application of J-
integral is not possible, because it become path dependent. Therefore is necessary to use 
other path-independent integral such as for example the Ψ-integral as it was proposed in 
the previous chapter for the calculation of GSIF. Of course, in that case, first the suitable 
auxiliary field has to be constructed. The work [41] discusses a calculation of the T-stress 
in functionally graded materials using the M-integral, where arbitrarily oriented cracks are 
considered. Authors [82] developed techniques for calculation of the T-stress based on the 
interactive integrals in combination with the Boundary Element method to the solution of 
the crack problem. 
Similar arguments which lead to Eq. (23), apply also for T-stress calculation, i.e. T= k3 can 


















,         (25) 
see also Eq. (22). Similarly like with GSIF a finite element solution Uh can be used as an 
approximation for U so to obtain an approximation for T  
( )
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( ) ( )
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               (26) 
In equations (25), (26) ( )3− θu  denotes the extraction solution for the T-stress. Physically, 
this solution corresponds to the concentrated moment about x3 acting at the crack tip. 
Calculation of the T-stress using CDD technique 
As suggested by Broberg [11], the T-stress can also be determined using dislocation 
arrays. Determination of the T-stresses via dislocation arrays leads to a Fredholm equation 
that can be solved very accurately and provides more accurate values of the T-stress 
comparing to common finite element methods. However, the application of this method 
requires determining the solution for a dislocation in a complicated domain. Such an 
approach is not economical, but there are strategies, which may be employed to overcome 
this problem. These strategies start with a dislocation in a crack free infinite domain 
aiming to determine stresses along the curve ∂Ω which stands for the boundary of finite 
body. Introducing tractions along ∂Ω such that they negate stresses found previously and 
solving for stresses along the dislocation plane e.g. by FEM, one can finally derive the 
regular part of the dislocation solution for a specified finite domain [42]. 
Modelling of a finite crack perpendicular to the bi-material interface, and terminating 
in front of the interface at distance l, is presented in [35] and [104]. The continuously 
distributed dislocation technique is used here. The materials are considered as isotropic. 
The complete solutions of the problem, including the T-stress and the stress intensity 
factors are obtained. The latter mentioned paper also discusses a comparison of the stress 
intensity factors between the finite and infinite problem. 
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4.2 Crack bridging problem 
Fibre reinforced ceramic materials have promising potential e.g. for high-temperature 
applications. Under the tensile loading of the composite in the fibre direction, the brittle 
matrix can undergo extensive cracking normal to the fibres, but the associated matrix 
cracking stress may be substantially greater than the critical fracture stress of the 
unreinforced ceramic. Furthermore, with the intact fibres, the composite material can 
continue to sustain additional load up to the fibre bundle fracture stress. In papers [13] and 
[14], the critical conditions for the onset of widespread matrix cracking are studied 
analytically on the basis of fracture mechanics theory. Two distinct situations concerning 
the fibre-matrix interface are considered: (i) unbonded fibres initially held in the matrix by 
thermal or other strain mismatches, but susceptible to frictional slip, and (ii) fibres that 
initially are weakly bonded to the matrix, but may be debonded by the stresses near the tip 
of an advancing matrix crack. The results generalize those of the Aveston-Cooper-Kelly 
theory [4] for case (i). Theoretical results are compared with experimental data for a SiC 
fibre, Lithium-Alumina-Silicate glass matrix composite. 
4.2.1 Generalized bridging stress intensity factor 
To quantitatively express the influence of the bridging fibres on the resulting stress field 
the value of the generalized bridging stress intensity factor Hbr caused by the bridging 
stress have to be calculated. As a result, the local generalized stress intensity factor 
Htip=Happl -Hbr acting in the very crack tip is lower than the remote applied stress intensity 
Happl. One of the possible ways how to calculate the influence of the bridging effect can be 
found e.g. in [43] or [66]. The contribution [43] deals with a theoretical and experimental 
analysis of the bridged crack in the chevron-notched three point bending specimen made of 
the glass matrix composite reinforced by long SiC fibres. The fracture toughness (KIC) 
values are determined using the chevron notch technique and compared with the 
theoretical predictions based on micromechanical analysis exploiting weight functions. 
The weight functions are further used together with appropriate bridging models to 
theoretical prediction of R-curve. The generalized bridging stress intensity factor is then 
calculated using the following formula: 




H W x h x x          (27) 
where W(x2,h) is the mentioned weight function which can be obtained numerically using 
the FE analysis as was proposed for example in [78]. The weight function depends on the 
component geometry, but it is independent of the applied loading. The stress intensity 
factor at the tip of a crack in a chevron-notched specimen is there calculated for the direct 
line loading of the crack surfaces by a constant traction. The traction is applied in different 
positions between the apex of the chevron notch and the crack tip so that the whole weight 
function is obtained. This technique can be modified for the solution of the plane crack 
problems by use of pair of concentrated forces instead of the line loading.  
The bridging stress σbr can be calculated using the recurrent formulas and suitable 
bridging models as is presented in paper [43]. In work [21] is possible to find a procedure 
which allows determining of the bridging stress from the measured R-curve. After the 
weight function and bridging stress is calculated, the generalized bridging stress intensity 
factor Hbr can be determined and the local GSIF Htip as well. The applied stress intensity 
factor Happl can be calculated on the unbridged configuration e.g. using some of the two 
state integral methods as mentioned in chapter 4.1.3. 
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The bridging crack problems can also be solved efficiently using the continuously 
distributed dislocation technique. This technique leads to a Fredholm integral equation that 
can be solved very accurately using e.g. polynomial-base Galerkin method. For the bi-
material half-space, see Fig. 3, the solution can be worked out due to recent findings of 
Choi and Earmme [37], who studied singularities in anisotropic trimaterials. An integral 
equation is obtained by choosing the dislocation distribution to meet the traction 
conditions along the line of the crack and within crack bridging zone: 




1 2 2 2 2 1 2 1 2
2 2
Im d




= σ + δ σπ −∫ ∫
A MII II
k o o applik
ik o k o o i i br
oh h
f x x
N x x f x x x v x
x x
  (28)  
Here, N1ik are regular kernels in the closed interval [-h,0] (along the crack), ( )1 2σappli x  
denotes the negated stresses in x1=0 produced by the given boundary loads, acting on a 
specimen with boundary ∂Ω, but without cracks and dislocations. σbr is the bridging stress 
as a function of the upper crack face displacement. fk(x2o) is the unknown dislocation 
density which has to be non-singular at an open end. The integral equation may be solved 
using the Gauss-Jacobi quadrature. Once the dislocation density fk(x2o) is found, the 
displacement of the upper crack face v(x2) is also known and from ( )2σ ⎡ ⎤⎣ ⎦br v x , the 
bridging stress as a function of position follows. After the bridging stress and dislocation 
density is known, arbitrary stress component in front of the crack tip can be calculated. 
Afterwards the resulting local generalized stress intensity factor is obtained as the 
following limit: 
( )1 δ 110lim , / 2 .tip rH r r−→= =σ θ π             (29) 
4.2.2 Bridging models 
To calculate a bridging stress or bridging crack face closure effect the bridging model has 
to be defined. The bridging models generally describe a relation between the crack face 
displacements and the bridging stress. In literature is possible to find several different 
models, describing different behaviours in dependency on the crack opening displacements 
- Budiansky et al. [12], [14] or Thouless et al. [94]. Some possible types of constraints 











Fig. 6  Interface fibre/matrix: a) decohesion of fibre in matrix; b) frictional constraint between fibre 
and matrix; c) characteristic bridging areas and corresponding types of constraints between fibre 
and matrix. 
a)          b) 
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4.3 Problems of fracture criteria 
It is now well established that the increase of the toughness of ceramics laminates or 
ceramic-matrix composites can be achieved by introducing weak interfaces between layers 
or between the fibre and the matrix [60]. Deflection along the interface then results in a 
crack blunting and this effect increases the required energy for the next crack propagation. 
Understanding the mechanism of the crack deflection along the interface is thus essential 
to determine for example the suitable interlayer and the optimum interface toughness 
which are necessary to favour this phenomenon [47]. Various attempts have been made to 
attain this objective.  
The discontinuity in the elastic properties at the interface strongly influences the 
behaviour of the energy release rate of the crack in the vicinity of the interface. In the case 
of a strong singularity (crack lies in a stiffer material and a characteristic eigenvalue 
δ<1/2), the energy release rates Gp(ap=0), Gd(ad=0) for a crack terminating at the interface 
are infinite and interface penetration or deflection is thus possible at any finite load level. 
In contrast, the presence of a weak singularity (crack lies in a softer material, δ>1/2) 
implies that the energy release rates Gp(ap=0), Gd(ad=0) for a crack terminating at the 
interface are zero and interface penetration or deflection is not predicted for any applied 
load. This is a drawback of the classical differential theory which can be used with success 
for cracks in homogenous media however not in the case of cracks propagating near the 
interface. The mentioned problem of zero or infinite energy release rates may be overcome 
with the help of the so-called finite fracture mechanics [61], where the crack increment of 
a finite length is used instead of the infinitesimal one. The evolution of the energy release 











Fig. 7  Evolution of the energy release rates Gl(a), Gp(ap), Gd(ad), depending on the crack 
increments (a, ap, ad) – taken over from [61]: a) case of a strong singularity (δ < 1/2 ;  E1x<E2x);     
b) case of a weak singularity (δ > 1/2 ;  E1x>E2x).  
The first case (left side of both graphs) describes energy release rate Gl(a) of the crack 
which is approaching interface from the left with some ligament width a (Fig. 8.a). On the 
right hand side the curves express energy release rates Gp(ap) and Gd(ad) when the crack 
extends into the material M1- or is deflected along the interface. The problem of infinite or 
zero release rates is obvious.  
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4. Summary of references relating to the solved problems
With the help of the asymptotic analysis, He and Hutchinson [28] derived a deflection 
criterion which compares the ratio of the interfacial toughness Gci over the toughness of 
the penetrated material Gc1. The results can be used to determine the range of interface 
toughness relative to bulk material toughness which ensures that cracks will be deflected 
into interface. The paper [27] moreover discusses an influence of residual stresses, caused 
by the thermal expansion misfit, on the energy release rates for interface cracking and 
crack penetration. The approach used by He and Hutchinson was extended by taking 
anisotropy into account in [62] and was confirmed by Tullock et al. [98]. Martin el al. [61] 
improved the criterion which does not require any assumption concerning the crack 
extension ratio. The capability of an interface to deflect a crack is usually analyzed in 
terms of the competition between deflection and penetration for a stationary crack 
terminating at the interface at a normal angle – e.g. [30], [51] and [61]. Problems of cracks 
terminating at arbitrary angle to the interface are solved in work [28]. The solution 
procedure used in that work is similar to, or extension of, the integral equation methods 
used in the earlier papers – e.g. [15] where only crack perpendicular to the bi-material 
interface have been considered. In all cases, the materials on either side of the interface are 
taken to be elastic and isotropic. 
Other approach, where the tendency of crack to deflect or penetrate at an interface 
between two dissimilar elastic materials in finite-sized sample is investigated by means of 
the boundary element method (BEM), can be found in papers [57] and [98]. The ratio of 
the energy release rate of a deflecting crack to the maximum energy release rate of a 
penetrating crack is computed as a function of Dundurs’ elastic parameters for several 
double-edged notch specimen geometries and loading conditions. For moderate differences 
in relative stiffnesses of the two materials and when the crack is advancing toward a stiffer 
material, there have been found no difference between the singly and doubly deflected 
crack and the numerical calculations are in excellent agreement with recent analytical 
predictions as e.g. in [27]. However when the crack is advancing into a material of much 
lower modulus, the numerical calculations for a doubly deflected crack are smaller than the 
analytical predictions. 
4.3.1 Matched asymptotic analysis 
Matched asymptotic analysis is powerful tool for deriving the change in potential energy 
induced by a finite crack increment growth [48], [51] or [101]. It is performed within the 
framework of 2D linear elasticity. As shown in Fig. 8, different crack paths are considered 
(single or double deflection along the interface and the penetration into the material M1). 
In order to keep a validity of the asymptotic analysis, the condition of ad, ap → 0 must 
hold. It means that a ratio of a/Lc <<1, where Lc is a characteristic size of the main crack. It 
is worthy of note that the asymptotic assumptions of the small crack extensions imply that 
the constant loading conditions have no influence on the energy balance. 
The following figure shows four different crack paths in the vicinity of the interface 
which have been considered in the previously mentioned works. The crack either 
approaches the interface by an increment a (Fig. 8 a) or penetrate into the material M1 
with increment ap (Fig. 8 b) or is deflected along the interface by increment ad (singly or 
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Fig. 8  Different crack paths: a) propagation towards the interface (ligament a); b) crack 
penetrating into the material M1; c) singly deflected crack; d) doubly deflected crack. 
The competition between the deflection of the main crack along the interface and the 
penetration into the substrate can be assessed so that the crack will follow the path which 
maximizes the additional energy ΔW released by the fracture. If crack deflection occurs 
preferentially to penetration at the interface, the following condition must be satisfied:  
ΔWd = δWd – Gci ad   > ΔWp = δWp – Gc1 ap,                                     (30) 
where Gci is the interface toughness, Gc1 is the fracture toughness of the material M1 [22] 
and δW is a change of the potential energy between the original and new crack position. 
The Ψ integral also plays a useful role in the calculation of the change of the potential 
energy δW between the unperturbed state U0 (without the crack extension) and perturbed 
state Uε (with the small finite crack extension). The change of the potential energy δW 
between the unperturbed state U0 (without the crack extension) and perturbed state Uε 
(with the small finite crack extension) is given by the relation: 
( ) ( )( ) ( )0 0 0 01 1 ,2 2ε ε ε εδ σ σΓ= − = − = Ψ∫ U U U Uij i j ij i jW W W nU nU ds .        (31) 
Remark 1: Derivation of the relation (31) can be done as follows. The change of the 
potential energy δW between the unperturbed state U0 (without the crack extension) and 







where the boundary conditions  
  on   and  on ε εσ σσ Ω Ω Ω Ωij i j j j u un p U g= ∂ = ∂ = ∂ = ∂                            (33) 
were applied. 
Now consider the domain D obtained from the original domain Ω by excluding the 
singularity by using a contour Γ, see Fig. 9. The boundary ∂D consists of  ∂Ω and the 
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where again the boundary conditions (33) were applied. Applying the reciprocal theorem 
to the left sides of Eqs. (34), (35) one gets: 
( ) ( )













= + − −
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            (36) 
The right-hand side of Eq. (36) is equal to the right-hand side of (32). Thus the change 
of the potential energy δW can be put into the form 
( ) ( )( ) ( )0 0 01 1 ,2 2ε ε εδ σ σΓ= − = Ψ∫ U U U Uij i j ij i jW nU nU ds ,                    (37) 
where the flow direction of the contour Γ (and consequently the direction of the normal on 
this contour) was reversed. 
 
 
Fig. 9 Scheme of domain Ω and its boundary ∂Ω, subdomain D and the contour Γ which excludes 
the crack tip 
A very efficient tool for the calculation of the change of the potential energy in the 
case of generalized stress concentrators such as crack cracks impinging a bi-material 
interface and/or multimaterial wedges is the matched asymptotic expansion method [49], 
[101], which does not require carrying out repeatedly a full field analysis. Let the domain 
Ω with crack impinging the interface is perturbed by a small deflected (double) crack 
extension of length ad or small penetrating crack extension of length ap. The small 
perturbation parameter ε is introduced by definition as 1,   ,ε = = p da L a a a , where L is 
the characteristic length of Ω. Denote the perturbed domain as Ωε. The displacement Uε of 
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the perturbed elasticity problem due to the crack extension can be expressed as the 
unperturbed solution U0(x), ( x = (x1,x2)), defined in Ω (Ω is the limit of Ωε  as ε→0), plus a 
small correction 
( ) ( ) ( ) ( ) ( )0 11 10...  with lim 0τ τ→= + ε + ε =U U Ux x k x k ,         (38) 
which may be rearranged into the form 





= ε + ε + = ε∑U i i
i
x k x k x k x U U U ,     (39) 
where ( ) ( )10lim 0,   1, 2,...+ε→ ε ε = ∀ =i ik k i and { }1 2, ,...U U  form a set of linearly independent 
basis functions, ( ) ( ) ,ii ix rδ= θuU where the eigenvalues δi  are positive or negative, see 
also the Section 4.1.1. Observe that the basis functions { }iU  satisfy the elasticity problem 
on the same domain Ω ≈Ωε but with zero body force and with homogeneous boundary 
conditions. Such an expansion is called ‘outer’ and is valid in the whole domain Ω (or Ωε) 
except near the former main crack tip where the geometry is perturbed. A second scale to 
the problem can be introduced, represented by the scaled-up coordinates 
( ) ( )1 2 1 2,  or , ,= ε = ε εy x y y x x . In order to have a description of the near fields, the 
domain Ωε is stretched (×1/ε) and as ε→0 it leads to the unbounded ‘inner’ domain Ωin 
spanned by the stretched variables y1 and y2.The inner domain becomes unbounded for 
ε→0. The solution can be expanded in this domain as: 





= ε + ε + = ε∑V i i
i
y F y F y F yV V V ,        (40) 
where ( ) ( )10lim 0,   1, 2,...+ε→ ε ε = ∀ =i iF F i and { }0 1 2, , ,...V V V  form a set of linearly independent 
basis functions. This expansion is called ‘inner’. Conditions at infinity are missing to 
define well-posed problem for the unknown functions ( )i y V . They derive from the 
matching conditions based on the existence of an intermediate area where both expansions   
(39) and (40) hold. In other words, the behaviour of the outer terms in Eq. (39)or Eq (40)
when approaching the singular point must match with the behaviour of the inner terms in 
Eq. (40) at infinity. This common area is near the crack tip in the outer domain and far 
from it in the inner domain. The expansion of the elastic solution in positive powers of the 
distance r to the crack tip is a generalization of the Williams series. The successive terms 
have a finite energy in the vicinity of the tip. The behaviour at infinity is described by 
similar series but with negative powers in order to have a bounded energy at infinity. 
To get a physical insight, consider the domain Ωε perturbed due to a small crack extension 
a while freezing the far-field boundary conditions. Since a is very small, the asymptotic 
solution far from the crack tip will still be the same as in Eq. (21). To meet the traction-
free condition on the crack extension a, however, the displacement field for the disturbed 
domain will be given as a superposition of the elastic state of Eq. (21) and another elastic 
state whose displacement field is given by the eigenfunction expansion of a Laurent series 
type obtained by taking ( ) ( ) ,ii ix rδ= θuU  with δi < 0. This assumes an essential similarity 
to the case of a crack under small-scale yielding: in the situation of small-scale yielding an 
eigenfunction expansion of negative powers occurs in addition to the inverse square 
singularity, which represents the leading term in the outer solution (see [29]). Note that the 
appearance of any eigenvalue δi < 0 in the expansion for the perturbed domain would yield 
a finite displacement at the boundary and therefore would violate the boundary condition 
on the far-field, where the displacement field is frozen according to Eq. (21).  
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4.3.2 Measuring of the interfacial toughness 
In order to decide whether the crack will deflect along the interface or cross the interface, 
the very important mechanical property – interfacial toughness has to be known - see (30). 
In accordance to the literature, there exist many methods to measure this characteristic for 
different types of material configurations with interfaces. It starts with measurement of the 
interfacial toughness for thin films on substrates [100] where the films of thickness 30-
30000 nm are considered. Methods of superlayer test, indentation test (Fig. 10 c)), scratch 
test and sandwich specimen test are used for its determination. Similar problem is also 
investigated in [65] and [69]. In the work [110], the method of three point bending test is 
used for the measurement of the interfacial toughness of Si3N4/BN composite (Fig. 10 a)). 
This method can be modified to four point bending test (Fig. 10 b)) in order to measure the 
mixed mode interfacial fracture toughness [103]. A comparison of other types of test 
specimen for measuring of the interfacial toughness is given in [70]. Proposed specimens 
are well-suited for investigating interfacial toughness over a wide range of mode mixity on 
which is this characteristic strongly dependent.  
 
Fig. 10  Some of the measuring methods for the interfacial toughness a) three point bending test, b) 
four-point bend test, c) indentation test.  
        a)                      b)    
(Indentation volume) 
        c)  
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5 Application of methods for the stress field description 
in the vicinity of the general stress concentrator 
5.1 Analysis of the singular and auxiliary (extraction) fields 
5.1.1 CDD technique 
The semi-infinite crack is modelled as an array of continuously distributed edge 
dislocations along the negative x2-axis, see Fig. 11. The potential functions for an isolated 
dislocation located at the point (x1o,x2o) in an infinite homogeneous anisotropic medium is 
( ) ( )ln ,o z q zα α αΦ = − ς             (41) 
where 




q M dα α= π                                                   (43) 
where the vector dk is related to the Burgers vector bi through the equation 
( )with,    Im ,
2i ik k ik i k i k i k
ib B d B A M A M A Mα α α α α α
α α
⎛ ⎞= = − = − ⎜ ⎟⎝ ⎠∑ ∑      (44) 
where the matrix Mαk is defined as the inverse of Liα, Mαk Lkβ = δαβ. The quantities pα, Aiα, 
Liα are given by Lekhniskii [55]. For the plane deformation, the elastic field can be 
represented in terms of the complex potential functions Φ1(z1), Φ2(z2), Φ3(z3), each of 
which is holomorphic in its arguments zα = x1 + pα x2. Here, pα are three distinct complex 
numbers with positive imaginary parts, which are obtained as the roots of the characteristic 
equation 
( ) 21 1 1 2 2 1 2 2det 0,i k i k i k i kc p c c p c⎡ ⎤+ + + =⎣ ⎦            (45) 
where 
cijkl is the tensor of elastic constants, i.e. σij  = cijkluk,l, which satisfies the symmetry 
conditions  
.ijkl ijlk jikl klijc c c c= = =           (46) 
With these holomorphic functions, the representation for the displacements Ui and stresses 
σij is 
( ) ( ) ( )3 3 32 1
1 1 1
2Re ,   2Re ,   2Re .i i i i i iU A z L z L p zα α α α α α α α α α
α= α= α=
⎡ ⎤ ⎡ ⎤ ⎡ ⎤′ ′= Φ σ = Φ σ = − Φ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑ ∑ ∑   (47) 
Here, ()’ designates the derivative with respect to the associated arguments, and A and L 
are matrices given by 
( )2 1 2 2 ,i k i k i kL A c p cα α α= +                   (48) 
where Akα denotes the eigenvector corresponding to the eigenvalue pα above. 
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5. Application of methods for the stress field description in the vicinity of the GSC 
 
Fig. 11  Semi-infinite crack terminating perpendicular to the interface between two anisotropic 
materials. 
The potentials for the interaction of an edge dislocation with the interface of two 
anisotropic materials can be obtained in terms of Eq. (41) 
( ) ( ) ( ) ( )1 1 2 2 3 3ln , ln , ln ,To z q z q z q z= − ς − ς − ς⎡ ⎤⎣ ⎦Φ                (49) 
by invoking the standard analytical continuation arguments along the interface, as 
described by Suo [86]. The solution for the two media can be written as 
( ) ( ) ( ) ( ) ( ),   1,   ,   2,I II oz z z z z z z= ∈ = + ∈Φ Φ Φ Φ Φ      (50) 
 
(51) 
The solution for the stress field produced by an isolated dislocation located at point 
(x1o, x2o) with the Burgers vector bi  in an infinite anisotropic bi-material follows from (47), 
(50) and (51) as 
( )1 1 2 1, . .,   2,4 α α αβ β αα β α β α α
⎡ ⎤⎛ ⎞σ = − + + ∈⎢ ⎥⎜ ⎟⎜ ⎟π − ς − ς⎢ ⎥⎝ ⎠⎣ ⎦∑ ∑
II II II IIk k
i i k k
d dx x L p G M M C C z
z z
 (52) 
( )2 1 2 1, . .,   2,4 α αβ β αα β α β α α
⎡ ⎤⎛ ⎞σ = + + ∈⎢ ⎥⎜ ⎟⎜ ⎟π − ς − ς⎢ ⎥⎝ ⎠⎣ ⎦∑ ∑
II II IIk k
i i k k
d dx x L G M M C C z
z z
          (53) 
( )1 1 2 1, . .,   1,4 α α αβ βα β α β
⎛ ⎞σ = − + ∈⎜ ⎟⎜ ⎟π − ς⎝ ⎠∑ ∑
I I II k
i i k
dx x L p C M C C z
z
                    (54) 
( )2 1 2 1, . .,   1,4 α αβ βα β α β
⎛ ⎞σ = + ∈⎜ ⎟⎜ ⎟π − ς⎝ ⎠∑ ∑
I II k
i i k
dx x L C M C C z
z
                      (55) 
where C.C. denotes the complex conjugate of the preceding expression, superscript I and II 
refers to the material 1 and 2 respectively, and the convention of summing over repeated 
Latin indices is used. Introduce a function fk at a point on the crack (x1=0, x2) which relates 
to the elemental Burgers vector δbi between x2o and x2o + δ x2o as 
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and integrate (52) along the whole crack. The tractions produced at a point (0, x2) by the 
density function fk can be expressed as 
( ) ( ) ( )
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∑ ∫
   (57) 
The asymptotic stress field near the crack tip is modelled as a continuous distribution 
of dislocations with density function 
( ) ( ) 12 2 2,    0,δ−= − <k o k o of x Hv x x          (58) 
where δ is the stress singularity exponent, which is yet unknown, vk are the components of 
corresponding eigenvector, and H is the generalized stress intensity factor (GSIF). 
Substitute Eq. (58) in (57), integrate and apply the traction-free condition on the plane of 
the crack to obtain 





⎧ ⎫⎡ ⎤⎛ ⎞⎪ ⎪⎢ ⎥− πδ − δ πδ =⎜ ⎟⎨ ⎬⎜ ⎟⎢ ⎥⎪ ⎪⎝ ⎠⎣ ⎦⎭⎩
∑∑         (59) 
Eq. (59) can be briefly written as 





⎧ ⎫⎡ ⎤⎛ ⎞⎪ ⎪⎢ ⎥δ = δ = − πδ − δ πδ⎜ ⎟⎨ ⎬⎜ ⎟⎢ ⎥⎪ ⎪⎝ ⎠⎣ ⎦⎭⎩
∑∑D v . (60) 
The parameter δ is calculated from the characteristic equation  
( )Det 0δ =⎡ ⎤⎣ ⎦D               (61) 
and the eigenvector v is determined from Eq. (60) up to a multiplicative constant. 
Taking  
( ) ( ) ( ) ( )for forcos sin     2,   cos sin     1II II I Iz r p r z z r p r zα α α α α α α α= + = τ ∈ = + = τ ∈θ θ θ θ θ θ  (62) 
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α αβ β β α −δ−δ
α β α
⎧ ⎫−⎪ ⎪⎡ ⎤σ = + δ πδ −⎨ ⎬⎢ ⎥⎣ ⎦ τ ⎪⎪ ⎭⎩
π⎛ ⎞ ⎛ ⎞∈ − ∪ π π⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
∑ ∑θ θ
θ










, Re cot ,   0, ,
2
I I II II
i i k kI




α α αβ β β −δ−δ
α β α
⎧ ⎫−⎪ ⎪σ = − πδ − ∈ π⎨ ⎬τ ⎪⎪ ⎭⎩
∑ ∑θ θθ  (65) 




, Re cot ,   0, .
2
I II II
i i k kI




α αβ β β −δ−δ
α β α
⎧ ⎫−⎪ ⎪σ = πδ − ∈ π⎨ ⎬τ ⎪⎪ ⎭⎩
∑ ∑θ θθ    (66) 
Apparently, the previous results can be written in the form of (47), where the function Φ’α 
is given by 













α αβ β β α −δ−δ
β α
∈−⎡ ⎤′Φ = + δ πδ −⎢ ⎥⎣ ⎦ τ∑ θ       (67) 
hence 









Hr G M p p i v
−δδ −δ −δ
α αβ β β α −δ
β α
∈−⎡ ⎤Φ = + δ πδ −⎢ ⎥⎣ ⎦δ τ∑ θ       (68) 
and 













α αβ β β −δ−δ
β α
∈−′Φ = πδ −τ∑ θ                (69) 
hence 









Hr C M p i v
−δδ −δ
α αβ β β −δ
β α
∈−Φ = πδ −δ τ∑ θ               (70) 
Using Eqs. (47), (68) and (70), the displacement field can be expressed as 
 




Re cot ,   
2
II II II
i i k ik kII
z
HrU A G M p p i v
−δδ −δ −δ
α αβ β β α −δ
α β α
∈⎧ ⎫−⎪ ⎪⎡ ⎤= + δ πδ −⎨ ⎬⎢ ⎥⎣ ⎦δ τ⎪ ⎪⎩ ⎭
∑ ∑ θ     (71) 
and 




Re cot ,   
2
II II
i i k kI
z
HrU A C M p i v
−δδ −δ
α αβ β β −δ
α β α
∈⎧ ⎫−⎪ ⎪= πδ −⎨ ⎬δ τ⎪ ⎪⎩ ⎭
∑ ∑ θ        (72) 
CDD technique can be also used for the determination of the dual (auxiliary) fields which 
are needed for the application of Ψ-integral. 
Assume the the following distribution of dislocations ( )* 2kf x  
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∫
∑ ∑ θθ







= − ∞ < <−                      (73) 
where wk is the eigenvector of matrix D in Eq. (60) corresponding to the eigenvalue δ* =-δ.  
The dual displacement field can be expressed as 









i i k ik kII
rU r A G M p p i w
−δ−δ −δ −δ
− α αβ β β α δ
α β α
⎧ ⎫−⎪ ⎪⎡ ⎤= + δ πδ −⎨ ⎬⎢ ⎥⎣ ⎦− δ τ⎪ ⎪⎩ ⎭
π⎛ ⎞ ⎛ ⎞∈ − ∪ π π⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
∑ ∑θ θ
θ 
  (74) 




, Re cot , 0, .
2
II II
i i k kI
rU r A C M p i w
−δ−δ −δ
− α αβ β β δ
α β α
⎧ ⎫−⎪ ⎪= πδ − ∈ π⎨ ⎬− δ τ⎪ ⎪⎩ ⎭
∑ ∑θ θθ        (75) 
and correspondingly the dual stress field ( )1 ,ij iU r−⎡ ⎤σ ⎣ ⎦θ .  
Using the results (63)-(72) and (74)-(75) together with corresponding results for the 
dual stress field one can compute the Ψ-integral ( )1 11 1,r rδ −δ −Ψ u u  along the path Γ1 
surrounding the crack tip with diameter approaching zero as follows 
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5.1.2 L.E.S. method 
Choose the coordination system so that the material containing crack is in the area x2<0. 
Both of these materials are homogenous and linear elastic and the Hooke´s law is valid for 
the deformations: 
1,2,6




= =∑ε σ                  (79) 
Here the rule of short tensor index notation was applied 
1 11, 2 22, 6 12 21.↔ ↔ ↔ ↔                     (80) 
Where sij is a compliance matrix and the Eq. (79) holds for the case of the plane stress. In 
the case of plane strain it is necessary to perform a conversion of the compliance matrix 
components according to the relation 
3 3
33
, ( , 1, 2,6).i jij ij
s s
s s i j
s
′ = − =            (81) 
The compliance matrix sij of an orthotropic material has in terms of usual engineering 










1 - - 0 0 0
1- - 0 0 0
1- - 0 0 0
.
10 0 0 0 0
10 0 0 0 0













       (82) 
The subscripts 1,2,3 denotes the appropriate material direction, where the direction 1 is 
called the Longitudinal (L), 2 – Transversal (T) and 3 as  Z.  Note, that a general 
orthotropic material is characterized by 9 independent elastic constants and the matrix sij is 
symmetric (sij= sji) - in other words, the appropriate non-diagonal components has to be in 
terms of usual engineering constants equal.  
Orthotropic materials are characterized by the complex numbers µi, Im(µi)>0, where 
i=1,2 and Im(.) denotes the complex number imaginary part. Numbers µi are depending on 
material characteristics and can be obtained as the roots of the 4th order equation 








+= =λ ρ                                                (84) 
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Fig. 12  Semi-infinite crack, perpendicular to the interface of two orthotropic materials. 
Eq. (83) is a special case of the characteristic equation of the 6th order presented by 
Lechnitskii [52]. The roots µi of the characteristic equation (83) are as follows 
1/ 4 1/ 4
1 2




( ), ( ) for 1 ,
( ), ( ) for 1 1,
for 1,
i n m i n m





= + = − < < ∞
= + = − − < <
= = =
μ λ μ λ ρ
μ λ μ λ ρ
μ μ λ ρ




n m+ −= =ρ ρ                    (86) 
The case ρ=1 corresponds to material with cubic symmetry and λ=ρ=1 corresponds to 
isotropic material. These are the so-called degenerate cases of anisotropy, where the L.E.S. 
formalism cannot be applied directly. One of the ways to overcome the problems with 
material symmetry was introduced by Suo [86]. This is an analogy to the Muschelishvilli´s 
complex potential method.  
For the two aligned orthotropic media, it is possible to define two generalized 
Dundurs’ parameters α and β [25], which are the only bi-material constants that enter the 
solution for the problem involving dissimilar materials with prescribed tractions at the 
boundary. Thus, the solution for the problem under consideration should depend upon  λ 
and ρ for each material and the two bi-material parameters α and β (indices M1, M2 
denotes pertinence of the matrix components sij to the given material –see Fig. 12): 
( ) ( )
( ) ( )
11 22 11 22 11 22 12 11 22 12M2 M1 M2 M1




s s s s s s s s s s
H Hs s s s
⎡ ⎤ ⎡ ⎤ ⎡ ⎤− + − +⎣ ⎦ ⎣ ⎦⎣ ⎦= =⎡ ⎤+⎣ ⎦
α β       (87) 
where 
1/ 4 1/ 4
11 11 22 11 22M1 M2
1/ 4 1/ 4
22 11 22 11 22M1 M2
2 2 ,
2 2 .
H n s s n s s
H n s s n s s− −
⎡ ⎤ ⎡ ⎤= +⎣ ⎦ ⎣ ⎦
⎡ ⎤ ⎡ ⎤= +⎣ ⎦ ⎣ ⎦
λ λ
λ λ            (88) 
Both parameters α and β can take the value from interval (-1, 1). For the case of 
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2 Re ( ) , 2 Re ( )
2 Re ( ) , 2 Re ( )
i ij j j i ij j j
j j
i ij j j i ij j j j
j j
U A f z T L f z
L f z L f z
= =
= =
⎧ ⎫ ⎧ ⎫= = −⎨ ⎬ ⎨ ⎬⎩ ⎭ ⎩ ⎭
⎧ ⎫ ⎧ ⎫′ ′= = −⎨ ⎬ ⎨ ⎬⎩ ⎭ ⎩ ⎭
∑ ∑
∑ ∑σ σ μ
      (89) 
where 1 2ijz x x= + , (.)´ denotes differentiation with respect to zj and the matrices Aij, Lij are 
defined by 
2 2
11 1 12 11 2 12
12 1 22 1 12 2 22 2
s s s s
s s s s
⎡ ⎤+ += ⎢ ⎥+ +⎣ ⎦
A
μ μ
μ μ μ μ      
1 2 .
1 1
− −⎡ ⎤= ⎢ ⎥⎣ ⎦L
μ μ
                 (90) 
In case of the isotropic material, i.e. for λ=ρ=1, the relations for displacements Ui, 
stresses σij, and the resulting force Ti along the half-line leading from the can be written in 








2 Re ( ) , 2 Re ( )
2 Re ( ) , 2 Re ( ) ,
i ij j i ij j
j j
i ij j i ij j
j j
U A g z T B g z
B g z L g z
= =
= =
⎧ ⎫ ⎧ ⎫= =⎨ ⎬ ⎨ ⎬⎩ ⎭ ⎩ ⎭
⎧ ⎫ ⎧ ⎫′ ′= =⎨ ⎬ ⎨ ⎬⎩ ⎭ ⎩ ⎭
∑ ∑
∑ ∑σ σ
          (91) 
where 1 2iz x x= + , (.)´ denotes differentiation with respect to z and the matrices Aij, Lij are 
defined by 
 
* * *i i i i 3 11 1 1, , .
1 1 1 i i4 i 2 2G
− − −⎡ ⎤ ⎡ ⎤ ⎡ ⎤= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦A B L
κ
κ      (92) 
where 3 4κ ν= − for plane strain and ( ) ( )3 1κ ν ν= − + for plane stress, ν and G are 
Poisson’s ratio and shear modulus. The vector function gj(z) depends on  Muschelishvilli´s 





( ) ( ), ( ) ( ) ( ) ( ) ( ) ( ) ,
( ) ( ), ( ) ( ) ( ) ( ) ( ) ( ),
T
T
z z z z z z z z z z
z z z z z z z z z z
′′= + − = + −
′ ′′′ ′ ′ ′′= + − = + −
g f Q f
g f Q f
ϕ ψ ϕ
ϕ ψ ϕ
       (93) 
where ( . ) is a complex conjugate expression 
[ ]* * 0 0( ) ( ), ( ) , .
1 0
Tz z z ⎡ ⎤= = ⎢ ⎥⎣ ⎦f Qϕ ψ         (94) 
The stresses in the crack tip region are proportional to rδ -1 and displacements to rδ. r 
denotes the distance from the crack tip and the exponent δ is, for a crack perpendicular to 
the interface of two different materials, a real number. The exponent δ depends on the local 
boundary conditions (i.e. on the character of the crack faces loading and the character of 
the interface between the materials) and the material characteristics of both materials. The 
unknown potentials fj(zj), ϕ(z) and ψ(z) are sought in the following form 
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δ * δ * δ
1 2( ) , ( ) , ( ) , ( 1, 2, , , ),
J J J J J J J J
j j j jf z z z z z z j J I II III= = = = =φ ϕ φ ψ φ          (95) 
where φjJ and φj*J are vectors of complex coefficients. The superscripts denotes the 
appropriate bi-material region (see Fig. 12), the subscript denotes either the pertinence to 
characteristic number μj of the orthotropic material or pertinence to the potential of the 
isotropic material. The coordinates zj and z are considered as polar (see Fig. 12) 
( ) ( )cos sin , cos i sin .J Jj jz r z r= + = +θ μ θ θ θ               (96) 
In the crack tip region, the following boundary conditions have to be satisfied 
30 for , ,
2 2
, for 0,
, for , 1,2,
i
I II I II
i i i i
II III II III
i i i i
T
U U T T
U U T T i
= = −
= = =




                                         (97) 
The goal is to find the unknown singularity exponent δ and the corresponding 
unknown eigenvectors φjJ or φj*J so that the boundary conditions (97) are satisfied. 
Substituting the assumed form of the potential solution fj(zj), ϕ(z) and ψ(z) from (95) 





J J J J J J J
J J J J J J J
= Φ + Φ
− = Φ + Φ
U A Z A Z
T L Z L Z
                                           (98) 
where 
δ δ δ δ δ
1 2 1 1 2 1 2 2
δ δ δ
1 2
diag , diag ( ) , ( )
diag (cos sin ) , (cos sin ) .
J J J J J
J J
Z z z x x x x
r
⎡ ⎤ ⎡ ⎤= = + +⎣ ⎦ ⎣ ⎦
⎡ ⎤= + +⎣ ⎦
μ μ
θ μ θ θ μ θ                        (99) 
For the case of the isotropic media one obtains 
* *δ * * *δ *
* *δ * * *δ *
,
,
J J J J J
J J J J J
= Φ + Φ
− = Φ + Φ
U A Z A Z
T B Z B Z




δ 1 δδ 1 δ
2 1 2 1 2
δ δ
δ δ-1 δ δ
( i ) 00
2i δ( i ) ( i )( )δ
(cos i sin ) 0
.
2 i ( cos i sin ) sin (cos i sin )
x xz
Z




⎡ ⎤⎡ ⎤ += = ⎢ ⎥⎢ ⎥ − + +−⎣ ⎦ ⎣ ⎦
⎡ ⎤+= ⎢ ⎥− + +⎣ ⎦
θ θ
δ θ θ θ θ θ
      (101) 
For the bi-material composed of two anisotropic media, the boundary conditions (97) 
and relations for the displacements and resulting force (98) lead to the following 
homogenous algebraic equation system 
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0 0 0 0
0 0 0 0
1 1 1




I I II II I I
I I II II I I
II II III III II II
I
II II III III II II
I I III III
III III III III
⎡ ⎤ ⎡ ⎤− − Φ⎢ ⎥ ⎢ ⎥− − Φ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥− − Φ =⎢ ⎥ ⎢ ⎥− − Φ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥Φ⎢ ⎥ ⎢ ⎥Φ⎢ ⎥⎢ ⎥ ⎣ ⎦⎣ ⎦
B B B B 0 0 L
X X X X 0 0 L
0 0 B B B B L
0
0 0 X X X X L
X X 0 0 0 0 L
0 0 0 0 X X L
         (102) 
where in the system matrix on the left-hand side of (102), the 0=0ij denotes the zero matrix 
2×2, on the right-hand side the 0=0i is a vector 12×1, Iij denotes the unit matrix 2×2 and  
[ ]
( ) ( )
* * *δ * 1 * * *δ * 1
i δ i δ
0 1
δ δ δ δ2 δ 2 δi δ i δ
2 1 2 3 1 2
i , , ( 0,1, 2, 3, , , )
diag 1,1 , diag , ,
diag , , diag , .
π π
π πμ μ μ μ
− −
−φ −φ− φ − φ
= = = =
⎡ ⎤= = ⎣ ⎦
⎡ ⎤ ⎡ ⎤= =⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
B A Z B X B Z B
Z Z
Z Z
J J J J J J
j j j j
J J
i iJ J J J J J
j J I II III
e e
e e e e
           (103) 
where φ is the angle forming by the interface and the crack, see Fig. 12. The system of 
twelve algebraic equations (102) is possible to reduce to the system of two equations 
(δ) ,I =K v 0              (104) 
where 0=0i is a vector 2×1 and for the vector viI holds 
1 .I I I
H
= Φv L                     (105) 
where H is a generalized stress intensity factor (GSIF) – see e.g. (1). The parameter δ 
indicates the dependency of the matrix K (of type 2×2) on this parameter, whereas K can 




1 2 1 1 3 1 1 3 1 2
1
1 1 1 1 3 1 1 3 1 1
1
0 0 0 0 2 0 2
( ) ( )( ) ( )
( )( ) ( )
( ) ( ) ,
II I III III III III III III II I
II II III III III III III III II II




= − + − + −
+ − − − + +
× + + + −
K X I Y X X Y B B Y B I Y
X X X X Y B B Y B B
B B B B Y B I Y
                   (106) 
where 
1( ) .J J Jj j j
−=Y X X               (107) 
Note, that in all matrices of Eq. (106) there are expressions containing the unknown 
parameter δ in the exponent. Hence, to effectively handle the components of the matrix K 
it is useful to express some of the inverse matrices on the right-hand side of Eq. (106) by 
means of the adjoint matrix. Specifically, it holds  
( ) 111 1 3 1 1 3 1 1 3( ) det( ) ( ) ,III III III III III III III III III adj−−+ = + +B B Y B B Y B B Y                    (108) 
where the superscript adj denotes the adjoint matrix. By substitution of Eq. (108) into 
(106) one gets 
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(
)
1 1 3 1 1 3 1 2
1 1 3 1 1 3 1 2
1 1 3 1 1
1 1 3 1 1 3 1 1
0 0
det( ) det( ) ( )
( )( ) ( )
det( )( )
( )( ) ( )
(
III III III III III III II I
III III III III III III adj II I
III III III II II
III III III III III III adj II II
II I
+ = + −
+ − + −
+ + −
− − + +
× +
B B Y K B B Y X I Y
X X Y B B Y B I Y
B B Y X X
X X Y B B Y B B
B B ( )1 0 0 2 0 2) ( ) .I I I I II I− + + −B B Y B I Y
   (109) 
The vector vI in the system of algebraic equations (104) is generally a complex vector 








1 1Re ( ) ( ) ,
2 2
1 1Im ( ) i( )
2i 2
i( )( ) Re
I I I I I
I I I I I
I I I−
= + = −
= − = − +
= − + −
v v v I Y v
v v v I Y v
I Y I Y v
                (110) 
the system of equations (104) can be converted to the form 
{ }122 ( ) Re .I I−− =KI I Y v 0           (111) 
The similar procedure can be applied to the combinations of anisotropic/isotropic bi-
materials. Namely, using the boundary conditions (97) and relations (98), (100) one 
obtains a system of algebraic equations for the case of bi-material composed of isotropic 
material (region II) and anisotropic material (region I, III – see Fig. 12) 
* * *
0 0 0 0
* * *










I I II II I I
I I II II I I
II II III III II II
I
II II III III II II
I I III III
III III III III
⎡ ⎤ ⎡ ⎤− − Φ⎢ ⎥ ⎢ ⎥− − Φ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥− − Φ =⎢ ⎥ ⎢ ⎥− − Φ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥Φ⎢ ⎥ ⎢ ⎥Φ⎢ ⎥⎢ ⎥ ⎣ ⎦⎣ ⎦
B B B B 0 0 B
X X X X 0 0 B
0 0 B B B B L
0
0 0 X X X X L
X X 0 0 0 0 B
0 0 0 0 X X B




( ) ( )
* * *δ * 1 * * *δ * 1




2 3(δ 1) δ i 2 (δ 1) 2 δ
i , , ( 0,1, 2, 3, , , )
diag 1,1 , diag , ,
e 0e 0
, .






− φ − − φ −φ − −φ
= = = =
⎡ ⎤= = ⎣ ⎦
⎡ ⎤⎡ ⎤= = ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
B A Z B X B Z B
Z Z
Z Z
J J J J J J




j J I II III
e e    (113) 
Similarly as the system (102) also the system (112) can be converted to the form (104) 
or (111), whereas the changes consist only in the replacement of appropriate matrices BjJ, 
or XjJ by the matrices Bj*J or Xj*J. The following relation must hold in order the solution of 
the equation system (104) would exist 
det( (δ)) 0.=K                (114) 
The relation (114) leads to nonlinear equation with parameter δ, which has at least one 
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real root within the interval (0, 1) – another real or complex roots may be present.  
Remark 2: It can easily be proved that if δ is a root of the characteristic equation 
( )Det[ ] 0δ =K  then -δ also verifies this equation. A general proof of this property for 
general stress concentrator can be found e.g. in  [71]. The corresponding displacement 
field - so called dual displacement field or extraction solution, is singular at the crack tip, 
hence it has unbounded energy near the crack tip and thus corresponds to some 
concentrated source at the crack tip. It is a mathematical tool which allows extracting 
asymptotic coefficient terms from the complete exact solution using the concept of so-
called Ψ-integral based upon the reciprocal theorem. 
Remark 3: The zero eigenvalue of matrix K and of the corresponding exponent ±δ1 
eventually ±δ2 can be of multiplicity 2. In that case when searching the eigenvectors 
corresponding to the given eigenvalue of the matrix, two cases can arise. In the first case 
the two linearly independent vectors vIa and vIb are found and any linear combination of 
these vectors provides the vector vI. In the second case, the only one eigenvector vI can be 








δ 1 δ δ δ δ
δ=±δ
δ 1 δ δ * δ δ
1 1
δ=±δ
δ 1 δ δ * δ δ
2 2
δ=±δ
( ) ln( ) ,
( ) ln( ) ,
( ) ln( ) .
I J J J J J
j j j j j j
I J J
I J J
df z r r z r z
d
dz r r z r z
d





⎡ ⎤= +⎢ ⎥⎢ ⎥⎣ ⎦
⎡ ⎤= +⎢ ⎥⎢ ⎥⎣ ⎦




       (115) 
 
5.2 Numerical calculation of GSIF using Ψ-integral 
This section is devoted to the demonstration of Ψ-integral technique for a crack impinging 
perpendicularly at the orthotropic material interface. 
Numerical calculations were performed using the FEM system ANSYS. The specimen 
is made of two layers M1 and M2 of composite such as Graphite/Epoxy T300/5208 
system. Elastic constants are taken from the work [38] and are the following: EL=137GPa, 
ET= EZ=10.8GPa GZT = 3.36 GPa, GZL = GTL = 5.65 GPa, νTZ = 0.49, νZL = νTL = 0.238. 
Material properties of some other fibre reinforced composites and particular laminae can 
be found in more details also in the paper [83]. The appropriate material directions of the 
considered material configurations are obvious from the Fig. 13. The width of substrate 
was ranging from 40 mm to 100 mm, and the specimen length was 100 mm. As indicated 
in Fig. 13, three different mutual orientations of layers M1 and M2 were considered with 
the axis of material symmetry either parallel or perpendicular to the material interface. For 
each of considered configurations the eigenvalue problem (60) was solved. Both the pair of 
quantities, δ, 1u , pertaining to the real solution, and the pair of quantities, δ* = -δ, −1u , 
pertaining to the auxiliary solution (see 4.1.3), were found. Calculated characteristic 
eigenvalues of the singularity δ and δ* are listed in the Table 1. 
 












Integration path Γ2 
8-node 2D elements +Plane Strain 
31 400 Elements 
 4 mm 












δ   
(CDD/ L.E.S. method) 
Characteristic eigenvalue 
of the auxiliary solution 
δ* = -δ  
(CDD/ L.E.S. method)  
GSIF           
(CDD/L.E.S.) 
A 0.328318 -0.328318 6.48 
 0.328770 -0.328770 6.62 
B 0. 671682 -0. 671682 2.71 
 0.671825 -0.671825 2.82 
C 0.661490 -0.661490 1.02 
 0.661486 -0.661486 1.13 
Table 1. Results of the singularity analysis and GSIF calculation for different material 













Fig. 13  2D finite element mesh used to model the cracked specimen. 
Having eigenvalues and eigenvectors calculated, the near tip singular field and the 
auxiliary solution can be found from Equations (63)-(66), (71)-(72), and (74)-(75). In 
addition, expressions (77) and (78) can be set up which allows evaluating the GSIF from 
Eqs. (23) and (76). Both the stress field and the displacement field data obtained by means 
of FE computations were stored in files which were further used as an input for the 
calculation of the Ψ-integral using MATLAB 7.1. Calculated values of GSIF for different 
configurations are given in the Table 1. 
It is a matter of interest to compare the stress field and the displacement field, 
calculated by FEM at some distance from the crack tip, with the analytical singular fields 
(63)-(66), (71)-(72) making use of the calculated values of GSIF. Specifically, a circular 
path with the radius R=1mm centred at the crack tip was chosen. The results are 
summarized in the Fig. 14-Fig. 17 and were also presented by author in [90]. 
 

















Fig. 14  The courses of stress components, a) – c), and displacement components, d)- e), along the 
















Fig. 15  Example of the courses of the auxiliary stress fields for the singular term, a) – c), and the 
auxiliary displacement components, d)- e), along the circular path with the radius R = 1 mm for the 
configuration A. 
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Fig. 16  The courses of stress components, a) – c), and displacement components, d)- e), along the 













   
 
 
Fig. 17  The courses of stress components, a) – c), and displacement components, d)- e), along the 
circular path with the radius R = 1 mm for the configuration C. 
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5.3 T-stress determination 
5.3.1 T-stress calculation using the CDD technique 
In general, numerical determination of T-stresses requires careful handling, because of 
their location in the vicinity of singular points. As suggested by Broberg [11], the T-stress 
can also be determined using dislocation arrays. The determination of T-stresses via 
dislocation arrays leads to a Fredholm equation that can be solved very accurately and 
provides more accurate values of T-stress comparing to common finite elements methods. 
However, the application of this method requires determining the solution for a dislocation 
in a complicated domain. Such an approach is not economical, but there are strategies, 
which may be employed to overcome this problem. These strategies start with a dislocation 
in a crack free infinite domain aiming to determine stresses along the curve ∂Ω which 
stands for the boundary of finite body. Introducing tractions along ∂Ω such that they 
negate stresses found previously and solving for stresses along the dislocation plane e.g. by 
FEM, one can finally derive the regular part of the dislocation solution for a specified 
finite domain. Thus, in the case of given finite bi-material plate, one obtains for stresses 
acting along x1 = 0, x2 ∈ 2 
( ) ( ) ( )1 1 2 1 2 2 22 2 2
10, . . , ,  2,
4 α α αβ β αα β α β α
⎡ ⎤⎛ ⎞σ = =− + + + ∈⎢ ⎥⎜ ⎟⎜ ⎟π − −⎢ ⎥⎝ ⎠⎣ ⎦
∑ ∑II II II IIk ki i k k ik o k
o o
d dx x L p G M M CC h x x d x
p y p x p x x
(116) 
where h1ik(x2, x2o) denotes the regular part of the dislocation solution. Form a dislocation 








For a crack with traction free faces, the left side of (117) should equal to ( )1 2−σappli x , 
the negated stresses in x1=0 produced by the given boundary loads, acting on a plate with 







In general, numerical methods have to be used to determine ( )1 2−σappli x . The crack may 
be closed at both ends (an internal crack) or only at one end (edge crack). In the second 
case, fk(x2o) has to be non-singular at an open end, and, e.g. for the case in Fig. 18 with the 
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5. Application of methods for the stress field description in the vicinity of the GSC 
left end at the point y=-h, fk(x2o) is sought in the form 
( ) ( )22 1
2





         (119) 
where gk is a bounded function. After fk(x2o) is found, all interesting quantities can be 
calculated, for instance the GSIF and/or T-stress. The T-stress component acting in the 
direction perpendicular to crack front is found after calculating σ22 (notice that the 
coordinate axis y lies in the crack direction), the expression for which is found in analogy 
with Eq. (117) after addition of ( )22 2σappl x . This stress is the tangential stress in x2 = 0 
produced by the given boundary loads, acting on a bi-material plate with the boundary ∂Ω, 
but without crack and dislocations. Thus 
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where h22k(x2, x2o) is found in the same way as h1ik(x2, x2o). The singular integral in (120) 









The T-stress is found as ( )
2
22 2 0−→σ xx . 
Remark 4: To determine the T-stress using the Ψ-integral, the auxiliary elastic field with 
stress singularity 2ˆ ij r
−σ ∝  as r → 0 must be used and can be obtained from the solution for 
a concentrated moment acting at the crack tip.  
In this work, an emphasis is put on the analysis of a crack in a thin layer terminating 
perpendicular to a layer/substrate interface. For a sufficiently large specimen, the semi-
analytical solution for h22k(x2, x2o) and h1ik(x2, x2o) can be worked out due to recent findings 
by Choi and Earmme [37], who studied singularities in anisotropic trimaterials. Namely, 
authors in [37] used the so-called alternating technique that generalizes the formulas in 
Eqs. (50) and (51), and for the case in Fig. 18, it gives the following relations for potentials 
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in which the recurrence formula for ( )n zαΦ is 
( )
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( ) ( )1
,    if 0,
,   if 1, 2,3..
o o
n
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αβ γ β γβγβ
⎧ Φ + Φ =⎪Φ = ⎨ Φ − + =⎪⎩
∑
∑ M L                    (123) 
Detailed parametric FEM computations were carried out to find bounds within which 
the semi-analytical solution (122) can be used for the specimen considered. 
 
Fig. 18  Scheme of the bi-material half-plane. 
5.4 Numerical calculations of GSIF and T-stress using CDD 
Note that for all material configurations, the stress component σ22 calculated using 
FEM along the circular path is shifted against the singular term by a negative constant 
value. This shift can be attributed to the influence of T-stress. Remember that the FE 
solution contains all terms of the Williams-like asymptotic expansion for crack terminating 
at the interface. Apparently, at the distance R=1mm, the T-stress prevails over the higher 
order terms in the asymptotic expansion. 
It is worth mentioning that the displacement component U2 obtained from FEM 
exhibits a qualitatively different behaviour in comparison to the behaviour of the singular 
solution pertaining to the configurations B and C. Analogous to the stress field, this 
difference is due to the higher order terms in the asymptotic expansion which are included 
in the FE solution. Since the higher order terms in the asymptotic expansion of U2 ∼T.x2 
+…, the difference depends on location. A confirmation of this statement provides Fig. 19 
which shows the courses of the displacement component U2 obtained by both the FEM and 
the singular solution along the circular path of the radius R = 0.01 mm and the path of the 
radius R = 0.001 mm, respectively. Clearly, with decreasing distance from the crack tip, 










                       
57 






































Fig. 19  The courses of the displacement component uy obtained by both the FEM and the singular 
solution a) along the circular path of the radius R = 0.01 mm; b) along the circular path of the 
radius R = 0.001 mm. 
As to the comparison of the results pertaining to the configuration A with the results 
pertaining to the configurations B and C respectively, it should first be noted that the 
resolution of the graphs for the configurations B and C is of 2 orders higher than that used 
for the configuration A. Second, the exponent of the singularity in the case of the 
configuration A (strong singularity) is twice the size of that pertaining to the 
configurations B and C (weak singularity), see Table 1. Thus, the singular term dominated 
region for the configuration A is larger compared with the singular term dominated region 
for the configurations B and C respectively, which explains a minor influence of the higher 
order terms in the asymptotic expansion at the distance R = 1 mm. 
Fig. 20 shows the component σ22, calculated using FEM, plotted against the distance 
from the crack tip for θ = -π/2 in case of the configuration A. As stated above, the T-stress 
is found as ( )
2
22 0
| −→σ xy . It is rather difficult to estimate this limit from Fig. 20 since the 
curve exhibits a turning point very close to the crack tip and sharply increases behind this 
point. Thus, a rough estimate of the T-stress is about of -50 MPa. 
 
Fig. 20  Plot of FE solution for σ22(x2) along the crack 
In the next step, detailed parametric FE computations were carried out to verify 
whether the semi-analytical solution (122) can be used for the given specimen. To this end, 
a dislocation with the Burgers vector b = (0.01,0) mm was introduced into the FE mesh 
and the stress components σ11 and σ12 were calculated along the dislocation plane. The 
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    ×       Substrate width = 40 mm 
            Substrate width = 100 mm 
dislocation was modelled as a constant displacement along the dislocation plane ensuring 
opposite sign of the displacement at the opposite faces of dislocation plane. The difference 
of the opposite displacements defines the Burgers vector. The value of the Burgers vector 
was carefully chosen with respect to the element size near the crack tip, which is of the 
order of μm. 
 
Fig. 21  Plots of the stress component σ11 versus the distance from the bi-material interface for 
several positions of the dislocation root along which the stress σ11 is plotted. 
Fig. 22 compares results obtained for two substrate widths, i.e. 40 mm and 100 mm. 
Apparently there is only a slight difference in values of the stress σ11. Subsequent increase 
of the substrate width did not provide any marked change of σ11. The FE calculations of 
σ11 obtained for the width of substrate of 100 mm were compared with the calculations of 
σ11 based upon the semi-analytical solution (122) when the infinite series was truncated at 
n=4. This comparison is displayed in Fig. 23 revealing a very good agreement between FE 
calculations and the calculations based upon truncated series in Eq. (122). Thus, for the 
given specimen, the truncated semi-analytical solution of Choi and Earmme [37] can be 











Fig. 22  Plots of the stress component σ11 versus the distance from the bi-material interface for 
several positions of the dislocation root and two substrate widths. 
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5. Application of methods for the stress field description in the vicinity of the GSC 
The integral equation (118), in which the regular kernel h11k(x2, x2o) was obtained from 
the truncated semi-analytical solution of Choi and Earmme [37], was solved numerically 
for the unknown dislocation density in the case of the orthotropic bi-materials specified 
above. The procedure involves the reduction of the integral equations and constraints to a 
system of algebraic equations using the collocation technique. It is useful to separate the 
singular part from the regular part of the integral equation. Since the material interface and 
the crack plane correspond to the material symmetry planes, and the specimen is subjected 
to simple tensile loading conditions, the Burgers vector component b2 is equal to zero. In 
such a case, there is more expedient to work directly with the dislocation density 1 2b xδ δ  
rather then with the density function fk introduced in Eq. (56). The density function fk 
follows from Eq. (56) as 
( ) 1 1 112 1 1 1
2 2
− − −δ δ ′= = =δ δ
i
k o ki k k
o o
b bf x B B B b
x x
        (124) 
and Eq. (118) simplifies to the form 
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′⎧ ⎫′− + =⎨ ⎬−⎩ ⎭∫ ∫σ π       (125) 
The regular kernel Kx1x1(x2 ,x2o) describes the interaction of a dislocation with the bi-
material interface and with the free surface. Kx1x1(x2, x2o) possesses a complicated structure 
and depends on elastic constants of both materials and on the layer width. Due to its 
algebraic complexity, it is not given here. The substitutions  
2 22 1,    2 1,= + = +o ox xs t
h h
              (126) 
allow to reduce the integral equation (125) to the form 

























Fig. 23  Comparison of FE calculations of σ11 with the calculations of σ11 based upon the semi-
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The dislocation density is sought in the form ( ) ( ) ( ) ( )δ 1 1 δ1 1 1b s s s g s− −′ = − + , where g(s) 
is a bounded function. As mentioned elsewhere [26], this choice means that ( )1 1b′ −  must 
vanish, i.e. that crack faces at the mouth are forced to be parallel and the solution is over-
constrained. Nevertheless, this incorrect end-point behaviour at the crack mouth had a 
negligible effect on the calculated stress intensity factor. The integral equation may be 
solved using the Gauss-Jacobi quadrature. The function g(s) is sought in the form of linear 
combination of Jacobi polynomials ( ) ( )1 , 1nP s−δ δ−   




n n n n
n n
g s c P s c P s
∞ − − − −
= =
= ≅∑ ∑                     (128) 
The kernel Kx1x1(t,s) in Eq. (127) is known only in discrete points s = si and its 
dependence on the variable s is approximated by the following truncated series of Jacobi 
polynomials: 






x x i n i n
n
K t s d t P s− −
=
≅ ∑                 (129) 
The preceding approximation is performed for collocation points t = ti, i = 0,1…. NB  - 
1 at which the boundary conditions along crack faces, σ11 = σ12 = 0, are controlled. A 





⎛ ⎞+= ⎜ ⎟⎝ ⎠
π                      (130) 
Using Eqs. (128) and (129) in the integral equation (127) and employing the integral 
relations given in [19]  one obtains the system of algebraic equations through which the 
unknown coefficients cn can be evaluated: 
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   (131) 
where 
( ) ( ) ( )( )
1 , 1 22 ,
2 1 ! 1n
n n
n n n
− − Γ − + Γ +Θ = + Γ +










         (133) 
F(n1,n2,n3,x1) stands for the hypergeometric function, Γ(n) is the Gamma function and 
i= 0,1..NB –1.  
The strength of the singularity in stress may be quantified in the usual way by defining 
the GSIF H. Using the function-theoretic methods described in [26], [19]  one obtains: 
                       
61 






δ 1 δ 1δ 1
11 11 1 12 21 2
11 12 1
1 1 2 1
δ 1 δ
21 11 1 22 21 2
12 2
1 2 2 2













⎧ ⎡ ⎛ ⎞⎛ ⎞ ⎛ ⎞⎪ ⎢ ⎜ ⎟= + +⎨ ⎜ ⎟ ⎜ ⎟⎜ ⎟− ⎢ ⎝ ⎠ ⎝ ⎠⎪ ⎝ ⎠⎣⎩
⎛ ⎞ ⎛ ⎞+ +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
r
i II II II II
I I
II I II Ii
II II II II
I I
II I II I
H r r
C M p C M pie g L p h h
p p p pe
C M p C M pL p h h
p p p p
1
,
⎫⎤⎛ ⎞ ⎪⎥⎜ ⎟ ⎬⎜ ⎟⎥⎪⎝ ⎠⎦⎭
   (134) 
where g(1) denotes a value of the function g, see Eq. (128), at s = 1; other quantities were 
already defined above. 
Having found the dislocation density, the T-stress can be calculated using Eq. (121). 
Both, the calculation of the GSIF and the calculation of the T-stress were carried out only 
for the configuration A, specified in the Fig. 13. Table 2 contains the result of calculations 
of the GSIF and the T-stress, and illustrates the convergence of the numerical scheme with 
increasing number of terms Nf in the truncated series (129) while keeping the number of 
collocation point NB equal to 10. Apparently, the results are in a good accordance with 
those obtained using FEM. 
Nf 
GSIF – H 
[MPa.m1-δ] 
T – stress 
[MPa] 
10 5.45214 -48.72973 
20 6.31186 -48.12727 
30 6.42548 -48.05871 
40 6.44138 -48.05004 
50 6.44394 -48.04889 
60 6.44439 -48.04879 
70 6.44447 -48.04886 
80 6.44448 -48.04891 
90 6.44448 -48.04885 
100 6.44448 -48.04893 
Table 2  Calculations of the GSIF and the T-stress using the dislocation technique, NB = 10 
Example of the courses of stresses and displacements for the solution of the T-stress 
term are using the relations (63)-(66) and (74)-(75) depicted in the following Fig. 24. The 
corresponding courses of the auxiliary solution are shown in the Fig. 25. Both figures are 
for the configuration A (see Fig. 13) and the circular path with the radius R=1mm centred 






















Fig. 24  The courses of the stress fields for the T-stress term: a) – c), and the displacement 
















Fig. 25  The courses of the auxiliary stress fields for the T-stress term: a) – c), and the auxiliary 
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6. Solution of the crack bridging problem
6 Solution of the crack bridging problem 
6.1 Model of the crack bridging 
For a simple sliding with a constant τs, Aveston et al.[4]; Budiansky et al.[14]; Budiansky 
and Amazigo [12]; Marshall et al. [59] suggested a model of bridging fibres represented by 
a continuous distribution of bridging springs obeying the quadratic bridging law 




σ⎛ ⎞= ⎜ ⎟⎝ ⎠
br xv x          (135) 
where v(x2) is the displacement of the upper crack face (one half of the COD) and the 















                     (136) 
where Rf is the fibre radius, Ef, Em are material characteristics of the fibre and the matrix 
respectively, cf fibre fracture volume and τs is a interface slipping shear resistance stress. 
Relation (135) follows from an estimate of the extra elastic elongation of a long bridging 
fibre that occurs in regions on the two sides of a matrix crack wherein frictionally 
constrained sliding occurs.  
Under the assumption that the strength of the fibres, σ0f, has a single, deterministic 
value, failure occurs when the bridging spring stress at the original crack tips reaches σ = 
cf σ0f. Because of fibres/matrix slip, the fibre stress decays linearly from the crack mid-
plane. Since the stress on the fibres has a maximum value in the plane of the matrix crack, 
the assumption of a single strength value of fibres leads to the conclusion that fibres break 
in the plane of the crack. Consequently, the prediction of composite toughness and strength 
may be unduly conservative. The reason is that with dispersion in the fibre tensile strength, 
fibres may fracture within the matrix rather than at bridged faces of the matrix crack, 
thereby leading to frictionally constrained fibre pullout before final failure occurs, and so 
leading to enhanced composite strength. Apparently, fractured fibres still contribute to the 
bridging stresses as they have to be pulled out from the matrix. The relative contribution of 
intact fibres, which act as elastic ligaments between the crack faces, and broken ones 
within the matrix, which are eventually pulled out, is analysed assuming that the fibre 
strength follows the Weibull statistics [94]. This gave an explicit expression for the 
average stress transferred by the fibres across crack given by 
1 1
fraction of intact fibres fraction of broken fibres
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σ σσ σ σ      (137) 
where σP is the average stress exerted by the broken fibres pulled out from the matrix, and 
( ) 1exp wmbr fcσ +⎡ ⎤− Σ⎢ ⎥⎣ ⎦  stands for the fraction of intact fibres in the crack wake. The fibre 
strength distribution is introduced through the parameter ( )1/( 1) 01 wmw fm σ+Σ = + , which 
includes the information on the fibre tensile properties given by the Weibull modulus mw 
and the fibre characteristic strength σ0f . Physically, there is typically one flaw of strength 
σ0f in a length lcf of fibre and lcf = Rfσ0f /τs is twice the fibre slip length at an applied stress 
of σ0f. 
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Using a simple shear-lag approach, the stress transferred by the broken fibres as they 









h v= −τσ                 (138) 
where 〈h〉 is the average distance from the fibre failure position to the crack plane for the 
broken fibres which was computed in [94] as 
( ) /( 1)
2 21 ,
2 1 1 2 11 w w
cfw w
m m
s w w ww
lm mRh
m m mm +
⎛ ⎞ ⎛ ⎞+ +Σ= Γ = Γ⎜ ⎟ ⎜ ⎟+ + ++⎝ ⎠ ⎝ ⎠τ            (139) 
where Γ is the Gamma function. Fibre pullout, thus, scales directly with the characteristic 
length lcf.  
6.2 Bridged crack modelling using the weight function method 
It should be noted that an important task in the analysis of a component with a bridged 
crack is the calculation of the bridging stress intensity factor for a specified bridging 
stress-crack opening displacement relationship. There are a great number of methods 
available for the determination of stress intensity factors such as e.g. the finite element 
method with contact elements, the boundary element method, the boundary collocation 
method, or the weight function method. High efficiency of the weight function method 
consists in that once the weight function(s) are known the bridging intensity factor can be 
easily calculated for any bridging stress distribution by evaluating the integral of the form 
of Eq.(27). Moreover, it allows setting up a bridging stress-crack opening displacement 
relationship by analysing the experimental crack opening displacement data and solving an 
integral equation. The weight function method has been extensively used to the modelling 
of bridged crack problems [21]. For a complicated domain, the weight function has to be 
obtained numerically, e.g. from FEM calculations [78]. As to a crack impinging on the bi-
material interface, such calculations have not been reported yet. The weight function is 
obtained numerically by performing a number of calculations of the generalised stress 
intensity factor due to unit line load applied to the crack face at arbitrary points. To this 
end, an application of the reciprocal theorem seems to be very efficient.  
6.2.1 Bridging stress - recurrent calculations 
To calculate the bridging stress along the crack face, the crack face displacements in 
dependence on given load are needed. The recurrent calculations are used and consist of 
the following steps: 
1) In the first step, the magnitude of loading stress σ1 is estimated and the displacement of 
the upper crack face for unbridged crack is calculated: 
( ) ( ) ( )2 0 2 11 ,σ= applapplv x v x          (140) 
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Fig. 26  Displacement of the upper crack face caused by the unit loading σ0. 
2) After the first step (n=1) of the recurrent calculation of the loading stress σ, an estimate 
of the total displacement of the upper crack face is recurrently refined in several sub-steps. 
In the first sub-step of the recurrent calculation the total displacement, vn,1, n=1, is set 
equal to ( ), 0nbr n mv < , n=1  (i.e. the bridged crack face opening will be equal to the 
unbridged crack face opening in case of loading stress σ1). Then the bridging stress is 
computed via one of the following relation (bridging law) – a) is a already mentioned 
simple quadratic bridging law and b) is an advanced bridging law taking into consideration 
the statistical distribution of the fibre strength along the fibre length – see [43] or [45]: 
( ) ( ) ( )2 ,1 2,1) β ,  1σ = =nbr na x v x n            (141) 







fraction of intact fibres fraction of broken fibres
ˆ) exp 1 exp ,
w wm m
br n br n




+ +⎧ ⎫⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞⎪ ⎪⎢ ⎥ ⎢ ⎥= − + − −⎜ ⎟ ⎜ ⎟⎨ ⎬⎜ ⎟ ⎜ ⎟Σ Σ⎢ ⎥ ⎢ ⎥⎪ ⎪⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦⎩ ⎭	
 	

σ σσ σ σ   (142) 





τσ = − =f s nP n cx h v x n . This makes 
possible to estimate the corresponding crack face displacement ( ),1br nv  using the FEM 
solution for the crack face displacement due to isolated force F acting in position x2i .from 
the relation 
( ) ( ) ( ) ( ) ( ) ( )2 0 2 2 2 2,1 ,1ˆ, ,σ= ∑ br i i ibr n br n
i
v x v x x x S x           (143) 
where vbr0(x2, x2i) is the crack face displacement due to the isolated force F acting at the 
point x2i, see Fig. 27, S(x2i) is the area per node at the point x2i and the summation is 
performed over all node rows behind the crack tip. 
3) In next sub-steps the total crack face displacement is refined as follows: 
( ) ( ) ( )( ) ( ) ( )
2
, 1 2 ,
, 2 2,
,   1,+ = =−n n
n n
appl n
n m n m
n m br n m
v x
v x v n
v x v x
      (144) 
where ( ), 0nbr n mv <  is the crack face displacement due to the bridging 
stress ( ) ( ) ( ) ( )2 , 2, ,ˆ ˆσ σ ⎡ ⎤= ⎣ ⎦nn n n mbr n m br n mx v x .  
 






















Note that for the exact value of vbr(x2) the ratio in Eq. (144) equals to one. The 
recurrent calculation stops when  
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where the left side of the inequality is a square of the approximation in the actual and 






















Fig. 28  Displacement of the upper crack face for a number of positions of the applied line load. 
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6.2.2 Weight function - application of the Ψ-integral 
Now assume that a pair of line forces acts on the crack faces at a point x2b, see Fig. 27. 
Other loading is absent. Eq. (20) modifies with help of Eq. (22) as 
( ) ( ) ( )1 1 1 1 1
3
1 1 1 1 1d 2 , .
−δ −δ −δ δ −δ
− − − −
Γ
⎡ ⎤σ − σ + = Ψ⎣ ⎦∫ U u F u u ujij i ij i jn r u r n U s r H r r     (146) 
Γ3 is an arbitrary contour enclosing a domain containing both the crack tip and the pair of 
line forces. By definition, the weight function W(x2b,h) follows as 
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             (147) 
A finite element solution Uh was used as an approximation for U in Eq. (147). Having 
calculated a value of the weight function W for sufficiently large number of line force 
positions, the generalized bridging stress intensity factor, Hbr, can be obtained for an 
arbitrary bridging stress distribution σbr(x2) as 




H W x h x x            (148) 
With elastic constants of two layers M1 and M2 specified in the preceding section, the 
weight function were calculated for several ratio of the layer thicknesses h/B. The results 
are presented in Fig. 29 in dimensionless form such that the product W.hδ is plotted against 
the dimensionless distance from the crack tip –x2/h. The influence of the longitudinal 
modulus EL is demonstrated in Fig. 30. 
 
Fig. 29  Bi-material normalized weight function against the dimensionless distance from the crack 
tip for several values of the ratio h/B. 
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Fig. 30  Bi-material normalized weight function against the dimensionless distance from the crack 
tip for several values of the longitudinal modulus EL. 
6.3 Bridged crack modelling using the CDD technique 
An integral equation is obtained by choosing the dislocation distribution to meet the 
traction conditions along of the line of the crack and within the crack bridging zone. Since 
the material interface and the crack plane correspond to the material symmetry planes, and 
the specimen is subjected to simple tensile loading conditions, the Burgers vector 
component bx2 is equal to zero. The integral equation then reads 
( ) ( )( ) ( ) ( ) ( ) ( )
1 1
0 02 2 1 1 2
11 2 2 1 1 2 1 2 2 2 2
1 1 2 2
1ˆ Re , 0.
2
oappl II II II
br o o x x o o
oh h
b x
x v x L M B dx b x K x x dx
x x
−
= = − −
⎧ ⎫+ + + =⎨ ⎬ −⎩ ⎭∑ ∑ ∫ ∫β βα αβ ασ σ π  (149) 
( )1 2σappli x  denotes the negated stresses in x1=0 produced by the given boundary loads, 
acting on a specimen with boundary ∂Ω, but without cracks and dislocations, and 
( )( )2σˆ δbr x  is the bridging stress from Eqs. (141) or (142). The integral equation (149) 
must be complemented with the condition  
( ) ( )
2
0
2 1 2 2
1 d ,
2 o ox
v x b x x= ∫                     (150) 
which relates the crack face displacement v to the dislocation density bx1. The regular 
kernel Kx1x1(x2, x2o) was obtained from the truncated semi-analytical solution of [37]. The 
regular kernel describes the interaction of a dislocation with the bi-material interface and 
with the free surface as well. Kx1x1(x2, x2o) possesses a complicated structure and depends 
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The ,i nk′ are the constants developed from the alternating technique discussed above. 
The substitutions  
δ 
 EL = 50 GPa  
 EL = 137 GPa 
 EL = 200 GPa 
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2 22 1,    2 1= + = +ox xs t
h h
                               (152) 
allow to reduce the integral equation (149) to the form 
( ) ( )( ) ( ) ( ) ( ) ( )
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                                (154) 
The procedure involves the reduction of the integral equation and constraints to a 
system of algebraic equations using the collocation technique.  
The dislocation density is sought in the form ( ) ( ) ( ) ( )δ 1 1 δ1 1 1b s s s g s− −= − + , where 
g(s) is a bounded function. As mentioned elsewhere [26], this choice means that ( )1 1b −  
must vanish, i.e. that crack faces at the mouth are forced to be parallel and the solution is 
over-constrained. Nevertheless, this incorrect end-point behaviour at the crack mouth had a 
negligible effect on the calculated stress intensity factor.  







= −                          (155) 
The used quadrature method has to be adapted to the singularities of *1 ( )b s using Jacobi 
polynomials (δ 1,0) ( )nP s
− at all. The form of the density function *1 ( )b s disables to receive the 
closed form solution of the regular kernel Kx1x1(s, t), which has to be approximated [74]. To 
avoid the application of (δ 1,0) ( )nP s
−  polynomials, the following approach of the density 
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+⎛ ⎞= + ⎜ ⎟−⎝ ⎠           (156) 
where g–1(s) is some known, bounded function on [–1, 1] such that g–1(s) = –1 and b–1 is an 
unknown constant, which equals **1 ( 1)b − . This equality serves as an additional consistency 
condition. This form of the density function corrects the crack opening at the crack mouth 
without the influence on the stress intensity factor. Because the objective of the paper is to 
find the stress intensity factor, the crack mouth opening correction will be omitted below. 
The integral equation may be solved using the Gauss-Jacobi quadrature. The function 
g(s) is sought in the form of linear combination of Jacobi polynomials ( ) ( )1,1nP sδ− −δ   
  ( ) ( ) ( ) ( ) ( )δ 1,1 δ δ 1,1 δ
0 0
BN
n n n n
n n
g s c P s c P s
∞ − − − −
= =
= ≅∑ ∑         (157) 
This allows to express the integral containing the regular kernel Kx1x1(t,s) in the closed 
form by integrating each component of the truncated series in Eq. (151). It is useful to 
apply the theory of the curve complex integrals developed by [67] because of the 
ambiguous behaviour of the ( ) ( )δ 1 1 δ1 1s s− −− + around the points 1s = ± . Hence, after the 
integration, the regular part of the integral equation (153) can be written as 
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where nα  are the coefficients of the pole at the infinity of the function 
( ) ( ) ( )δ 1 1 δ1( ) 1 1b z z z g z− −= − + . 
The boundary conditions along crack faces, σ11 = σ12 = 0, are controlled at the 





⎛ ⎞+= ⎜ ⎟⎝ ⎠
π             (159) 
Using Eqs. (154) and (157) in the integral equation (153) and employing the integral 
relations given in [19] one obtains the system of algebraic equations through which the 
unknown coefficients cn can be evaluated: 
 






where F(n1,n2;n3;x1) stands for the hypergeometric function, Γ(n) is the Gamma function 
and i= 0,1..NB –1. The strength of the singularity in stress may be quantified in the usual 
way by defining the local generalized SIF Htip. Using the function-theoretic methods [19], 
[26] one obtains 
 
 







where g(1) denotes a value of the function g(s), see Eq. (157), at s = 1; other quantities 
were already defined above. 
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6.4 Numerical results 
At first the results of numerical analysis based upon the weight function method are 
presented. The advanced bridging model described in the section 6.1 was applied with the 
fibre volume fraction cf = 0.4, the fibre radius Rf = 7 μm, the sliding resistance τs = 6 MPa, 
the fibre Young modulus Ef = 228 000 MPa, and the matrix Young modulus Em = 76 000 
MPa. A parametric study was performed in order to examine an influence of the Weibull 
modulus mw and the fibre characteristic strength σ0f. As stated in the section 6.2.1, the total 
displacements of the crack surface v = vappl + vbr is to be derived. Fig. 31 reveals the 
influence of the Weibull modulus upon the crack opening displacement. As expected, the 
lower value of mw leads to the lower crack opening due to higher bridging stress. Similarly, 
higher value of the fibre characteristic strength σ0f leads to higher bridging stress, and as a 
consequence, the crack opening displacement is reduced, see Fig. 32. Similar results as for 











Fig. 31  Applied, closure and total crack opening displacement for several values of the Weibull 










Fig. 32  Applied, closure and total crack opening displacement for several values of the Weibull 
modulus mw, σ0f = 2300 MPa. The applied tensile loading: a) σ0 = 90 MPa, b) σ0 = 140 MPa. 
Having calculated the total displacements of the crack surface, the bridging stress 
distribution can be obtained and, consequently, the generalized bridging stress intensity 
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factor, Hbr can be evaluated from Eq. (148). The results of these calculations are presented 
for the advanced statistical model in the Fig. 33, where the remote, bridging, and local 
generalized stress intensity factors are plotted as functions of the applied tensile loading of 
the bi-material specimen σ0 for several values of the Weibull modulus and the fibre 











Fig. 33  Remote, bridging, and local GSIFs (for the advanced statistical model) plotted as functions 
of the applied tensile loading σ0 for a) several values of the Weibull modulus, b) several values of 
the fibre characteristic strength σ0f. 
It is evident that the local generalized SIF decreases with the decrease of the Weibull 
modulus mw and with the increase of the characteristic fibre strength σ0f. Also observe that 
the bridging generalized SIF (grey lines) begins to decrease with loading when the broken 
fibres are pulled out from the matrix. As a consequence, the resulting local generalized SIF 
begins to increase more rapidly with loading. When doing the same analysis with the 
simpler Budiansky’s model, all fibres are broken within very small change of the applied 
tensile stress σ0 (when the bridging stress reaches the critical value of the fibre strenght). 
Consequently, the bridging GSIF Hbr drops to zero. The local GSIF Htip then reaches the 
value of Happl and no more bridging effect is present. 
It is a matter of interest to compare the calculations based upon the weight functions 
method with the results obtained using the distribution dislocation technique (DDT) 
according to Eq. (161). So far there are available only numerical data for the first stage of 
loading when the broken fibres are not massively pulled out from the matrix. There exist 
certain numerical problems for the subsequent stage of loading which were not resolved 
satisfactorily yet. Nevertheless, Fig. 33 shows that the results obtained via DDT in the first 
stage of loading are in a good accordance with the results obtained via weight functions 
method.  
Remark 5: A method of solution should be sought for the situation when the preferred 
directions of the orthotropic material may not coincide with the reference axes in addition 
to having the crack and/or the material interface with an arbitrary orientation. Apparently, 
the concept of generalized anisotropic bi-material applies to such situations. In the case of 
the generalized anisotropic bi-material some aspects of the solution take place. Because of 
the participation of the all components of the displacement vector and stress tensor, the 
potentials describe the stress and displacement field must be extended to three ones, as 
well as the number of the eigenvalues characterizing each material.  
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7 Fracture criterion for the assessment of the general 
stress concentrator stability in orthotropic media 
7.1 Fracture criterion 
As it was presented in the work [48], both energy and stress criteria are necessary 
conditions for fracture but neither one nor the other are sufficient. Experiments by Parvizi 
et al. - [72] on transverse cracking in cross-ply laminates corroborate this assumption. 
Thanks to the singularity at the tip of the notch, the incremental form of the energy 
criterion gives a lower bound of admissible crack lengths. On the contrary, the stress 
criterion leads to an upper bound. The consistency between these two conditions provides 
a general form of a criterion for the crack nucleation. It enjoys the desirable property of 
coinciding with the usual Griffith criterion to study the crack growth and with the stress 
criterion for the uniform traction along a straight edge.  
7.1.1 The energy criterion 
We consider the initial state of a loaded structure to be elasto-static. The equilibrium state 
is characterized by a potential energy Wp and a zero kinetic energy Wk = 0. Next, we 
consider the same structure after the onset of a new crack or the growth of a pre-existing 
one. The start point of the energy criterion is an unquestionable balance between these two 
states: 
0.p k cW W G a+ + =δ δ δ            (162) 
Here, δWp and δWk are the changes respectively in potential and kinetic energy. The 
newly created crack surface is denoted δa (length per unit thickness) and Gc is the 
fracture energy per unit surface, the so-called toughness. Since the initial state is static δWk 
≥0 and a necessary condition for fracture derives from (162): 
0 .p c p c
W
G W G a
a
− ≥ ⇒ ≥ +δ δ δδ            (163) 
This incremental form of the energy criterion is the foundation of Finite Fracture 
Mechanics (FFM). It requires the knowledge of the crack increment surface δa. If the 
crack grows continuously, the above condition must hold for any small surface change δa, 









              (164) 
where G is the energy release rate. Nevertheless, there are some contra-indications to the 
use of the differential form (164) as explained in the section 4.3. 
7.1.2 The stress criterion 
The stress criterion is based on the data of a critical tension σc (or shear τc), the so-called 
strength, that a material can bear before it breaks. The fracture of a surface occurs if: 
(or ),c c≥ ≥σ σ τ τ              (165) 
where σ and τ are the tension and shear components of the stress tensor acting on the 
surface. Such a criterion sounds like a necessary and sufficient condition for the failure. A 
counter example will evidence that in fact it is only a necessary one. 
Applied to a crack onset at a notch, these two criteria lead to the following paradox. 
The Griffith criterion (164) is unable to predict such a mechanism. The energy release rate 








G vanishes and thus can never reach the critical toughness Gc. On the other hand, the notch 
tip is singular, the stress field tends to infinity when approaching this point and then 
tension and shear stress components are always above the material strength. The stress 
criterion would thus conclude systematically to a crack onset whatever the applied load. 
The two criteria are contradictory. Moreover, neither one nor the other conclusion agrees 
with the experiments. It can be observed that such a notch is a privileged site for the crack 
nucleation and the fracture does occur at this point but not for any small applied load. 
The main conclusion is that, when fracture occurs, the two criteria (energy and 
strength) are fulfilled simultaneously, even if one often hides the other. Both are necessary 
conditions and together they seem to form a sufficient one. Based on this ascertainment, a 
criterion for the crack onset at a notch is derived in the next section using the singular 
stress field around the notch tip. It ensures that the two criteria hold true. Giving both the 
toughness Gc and the strength σc brings us to define a characteristic length for the crack 
onset. The failure is assumed to be a sudden and quasi-spontaneous mechanism as 









Fig. 34  The cracked notch in a heterogeneous material.  
7.1.3 The crack initiation length 
The potential energy change at a crack onset in the direction θ0 is written [48]: 
2 2δ
0( , )δ ω θ− =pW H K a d          (166) 
where a  is the small newly created crack length and d the width of the specimen 
(considering plane elasticity). The coefficient K(ω, θ0) is a scaling term depending on the 
local geometry (ω) and on the direction of fracture (θ0) - see [49]. The condition (163) 
becomes: 
2 2δ 1
0( , ) .δ ω θ −− ≥ ⇒ ≥cp cW G a d H K a G               (167) 
The stress intensity factor H is proportional to the applied load by κ : 
applH = ⋅κ σ          (168) 




(where 2δ 1 0).
( , )ω θ κ σ




    (169) 
Since the applied load at onset cannot be infinitely large, the increment length a  
cannot be infinitely small. At onset, there is a jump from 0 to a  which is an illustration of 
the FFM. Of course, this lower bound must be compatible with the asymptotic framework, 
it has to be small with respect to a characteristic length of the structure. However, it is 
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essential to recall that the energy balance is only a necessary condition. 
The failure is assumed to occur spontaneously, which seems reasonable since the 
critical traction acts uniformly all over the fracture surface. This condition will be extended 
to the present case to provide an upper bound for the crack extension length. The singular 
tension σθ  (i.e. the component σθθ of the stress tensor) at a distance a  from the tip in the 
direction θ0 reads: ( ) ( )δ 10 0, ....θ θσ θ θ−= +a Ha s            (170) 
It is a decreasing function of a . If the condition (165) holds at any point between 0 
and a , it becomes an upper bound for a : 
( ) ( )01 δ0, (where 1 δ 0)θθ κσ θσ θ σ σ−≥ ⇒ ≤ − >applc c
s
a a           (171) 
Once again, this bound must be small in order to be sure that higher order terms in 
(170) are negligible. 
For a small applied load σappl, (169) leads to a high lower bound while (171) defines 
an incompatible low upper bound, thus for a monotonically increasing load the solution is 
achieved when equality holds in both (169) and (171). The increment length derives from 














                     (172) 
The structure embedding the micro-crack with length 0a  is in equilibrium in the sense 
that the elastic solution is characterized by the absence of a kinetic energy. However, it is 
highly unstable from the point of view of the growing crack. The energy release rate at the 
tip of the newly created crack is an increasing function of its length and moreover is still 
above the critical toughness Gc in appropriate direction: 
( ) ( )0 2δ 1/ 2 ,δ= >cG a G              (173) 
where G( 0a ) is computed using (166) and considering a small increment δa to 0a : 





p pW a a W aG a
a
             (174) 
Here, Wp( 0a ) denotes the potential energy of a structure embedding a crack with 
length 0a . In a first step the crack length jumps from 0 to 0a  and then grows continuously. 
There are two particular cases. If δ = 1 (the straight edge, ω=π) the stress criterion 














           (175) 

















                 (176) 
The crack increment length can be taken as small as needed and the differential 
approach of Griffith is permitted. 
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7.1.4 The crack onset criterion 
It is now commonly admitted that the intensity factor H is the relevant parameter to define 
a crack onset criterion at a notch. It takes the Irwin-like form: 
,cH H≥           (177) 
where Hc is the critical value of the stress intensity factor. Herein, it will be derived in 
terms of material toughness Gc and strength σc (or τc). Replacing for (172) in (167) or (171) 
leads to a condition for a crack onset in the direction θ0: 
( ) ( )






− −⎛ ⎞ ⎛ ⎞≥ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠θ
σ
ω θ θ          (178) 
The direction of fracture θc can be determined by the minimum value of the right-hand 
side of (178). Note, that in a homogeneous material, if the fracture properties are isotropic, 
i.e. independent of the direction of fracture, Gc and σc are constant and θc is characterized 
by: 
( ) ( ) ( ) ( )1 δ 2δ 1 1 δ 2δ 10 0 0 0, , , , 0 2 .c cK s K s− − − −≥ ∀ < < −θ θω θ θ ω θ θ θ θ π ω          (179) 
This condition coincides with the G-max branching criterion for a crack (δ = 1/2) [50]. 
If the direction θc is known, function sθ(θc) can be normalized ( sθ(θc) = 1) and this 
enjoys the following very nice property that it coincides with the Griffith criterion for a 
crack (δ = 1/2) and with the strength criterion for a straight edge (δ = 1). 
For a notch in a homogeneous isotropic material under symmetric loading the fracture 
direction is known θc = π - ω/2, thus we can define a critical value Hc of H as a function of 







−⎛ ⎞≥ ⎜ ⎟⎜ ⎟⎝ ⎠
σω          (180) 
where K(ω) stands for K(ω, π - ω/2). 
7.2 Perturbation analysis 
In the case of a matrix crack impinging on the interface, a differential energy analysis is 
unsuitable due to the discontinuity in the elastic properties: finite crack extensions ad, ap 
are to be considered (instead of infinitesimal one) and the competition between deflection 
and penetration at the interface is evaluated using the condition that the crack will follow 
the path which maximizes the additional energy ΔW released by the fracture. If crack 
deflection occurs preferentially to penetration at the interface, the following condition must 
be satisfied: 
i 1
c c ,d d d p p pW W G a W W G aΔ = δ − > Δ = δ −           (181)  
where Gci is the interface toughness, Gc1 is the toughness of the material M1 and δW is a 
change of the potential energy between the original and new crack position. It is also worth 
remarking that the differential form of the condition (181) is identical to the maximum 
energy release rate condition in the case of the homogenous material. Matched asymptotic 
procedure is used to derive the change of potential energy. Consider the singularity of the 
stress field at the crack tip impinging the material interface having the form rδ-1, with r 
being the radial coordinate emanating from the crack tip, and with δ∈(0, 1). Further 
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7. Fracture criterion for the assessment of the GSC stability in orthotropic media
consider a perturbation of the domain Ω with crack impinging the interface between 
materials M2 and M1 as shown in Fig. 35; the perturbation is a deflected (double) crack 
extension of length ad or penetrating crack extension of length ap with the small 
















Fig. 35  Outer and Inner domain used in the matched asymptotic analysis (in case of the singly 
deflected crack) - zoomed-in view of crack neighbourhood perturbed by a small crack extension   
b) – d) coordinate systems of the outer and inner domain 
1,   , ,p d
c
a a a a
L
ε = =             (182) 
where Lc is the characteristic length of Ω. A second scale to the problem can be introduced, 
represented by the scaled-up coordinates 
( ) 1 21 2,  or , , ,ii x x xy y y ⎛ ⎞= = ⎜ ⎟ε ε ε⎝ ⎠            (183) 
which provides a zoomed-in view into the region surrounding the crack.  
7.2.1 Matched asymptotic procedure 
Matched asymptotic procedure [55] is used to derive the change of potential energy. 
Consider a perturbation of the domain Ω with crack impinging the interface; the 
perturbation is a deflected (double) crack extension of length ad or penetrating crack 
extension of length ap with the small perturbation parameter ε defined as 
1,   ,p dca L a a aε = = , where Lc is the characteristic length of Ω. A second scale to the 
problem can be introduced, represented by the scaled-up coordinates 
( ) ( )1 2 1 2,  or , ,y x y y x x= ε = ε ε  which provides a zoomed-in view into the region 
surrounding the crack. The displacement Uε of the perturbed elasticity problem due to the 
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crack extension can be expressed in terms of the regular coordinate x and the scaled-up 
coordinate y as ( ) ( ) ( )x y yε ε ε= ε =U U V . Consider now the asymptotic expansion for Uε 
(which is also known as the ‘‘outer expansion’’) and for Vε (which is also known as the 
‘‘inner expansion’’) 
( ) ( ) ( ) ( ) ( ) ( ) ( )0 0 1 1
0
... ,   outer expansion
∞ε
=
= ε + ε + = ε∑U i i
i
x k x k x k x U U U ,      (184) 
where ( ) ( )10lim 0,   1, 2,...+τ→ ε ε = ∀ =i ik k i and { }1 2, ,...U U  form a set of linearly independent 
basis functions, and the inner asymptotic expansion is possible to write in the following 
form – for more details see [101]: 
( ) ( ) ( ) ( ) ( ) ( ) ( )0 0 1 1
0
... ,   inner expansion
∞ε
=
= ε + ε + = ε∑V i i
i
y F y F y F yV V V ,           (185) 
where ( ) ( )10lim 0,   1, 2,...i iF F i+ε→ ε ε = ∀ = , ( ) ( ) ( )00 01,  0 0F yε = = =UV  and { }0 1 2, , ,...V V V  
form a set of linearly independent basis functions. The basis functions { }iU  satisfy the 
elasticity problem on the same domain Ω ≈Ωε but with zero body force and with 
homogeneous boundary conditions. From the matching conditions of the outer and inner 
asymptotic expansion, the asymptotic expansion coefficients k0(ε), k1(ε),.. and F0(ε), 
F1(ε),…can be found: 
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u
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θ θ ( )1( ) 3 ... ...d p − −⎡ ⎤ρ + +⎣ ⎦u θ
    (186) 
To derive the relations for the unknown functions k1(ε), k2(ε), F1(ε), F2(ε), F3(ε) the 
corresponding terms (with the same power exponent δ) are to be compared. 
( ) ( ) ( ) ( )1 1 1 11 1 11H F F Hδ δ δ δε ρ = ε ρ ⇒ ε = εu uθ θ               (187) 
( ) ( ) ( ) ( )3 3 3 3T F F Tερ = ε ρ ⇒ ε = εu uθ θ                  (188) 
( ) ( ) ( ) ( ) ( )1 1 1 121 1 ( ) 1 1 1 ( ) 11d p d pk K F K k H−δ −δ −δ δ− −ε ε ρ = ε ρ ⇒ ε = εu uθ θ           (189) 
Finally, the following asymptotic expansion ( )yεV is obtained (by substitution of 
relations (187), (188) and (189) into (186)):  
( ) ( ) ( ) ( ) ( )




1 ( ) 2 ( )1 1 3
1
1 ( ) 2 ( )3 1 3
...
.... ...
d p d p
d p d p
x y y H K K
T K K




⎡ ⎤= ε = = ε ρ + ρ + ρ + +⎣ ⎦
′ ′⎡ ⎤+ ε ρ + ρ + ρ + +⎣ ⎦
U V u u u
u u u
θ θ θ
θ θ θ    (190) 
The terms in the expansions are ordered with respect to the increasing power of the 
parameter ε. 
With an eye on applications we will distinguish between two cases: a) crack 
perpendicularly impinging an interface, b) inclined crack impinging a interface. 
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7.2.2 Crack perpendicularly impinging an interface 
The asymptotic expansion of the displacements for the initial state U0(x) (main crack 
terminating on the interface and no crack extension of length a is present) is possible to 
write in the following form, see the Section 4.1.3 
( ) ( ) ( ) ( ) ( ) ( )31 20 0 1 1 2 2 3 3
1
0 ... ,   1ii i
i
x H r H r Tr k r
∞δ δδ δ
=
= + + + + = δ =∑U U u u u uθ θ θ θ ,     (191) 
where H1 and H2 are the generalized stress intensity factors, ( )1u θ  and ( )2u θ  are the 
angular distributions of the displacements corresponding to the singular terms in the stress 
asymptotic expansion and ( )3u θ  is the angular distribution of displacements for the T-
stress – as discussed in the section 4.1.4. In the following we will consider ( )0 0 0=U . 
GSIFs H1 and H2 are calculated using relations (22) and (23) as already discussed in 4.1.3. 
Remark 6: In the case of aligned orthotropic bi-materials and a crack perpendicularly 
impinging at the interface, the GSIFs H1 and H2 closely relates to the mixed mode loading 
and characterize symmetric and antisymmetric modes. Observe that the subscripts 1 and 2 
mark the order of corresponding terms in the asymptotic expansion (185) and not the 
loading modes. Hence, a carefull analysis is required to specify to which loading mode a 
particular GSIF pertains.  
The outer asymptotic expansion of Uε (when the small crack extension has originated) 
is possible to write as 
( ) ( ) ( ) ( ) ( ) ( )10 1 1 ( ) 1 3 3... ...d px x k K r k r−δε −⎡ ⎤= + ε + + ε +⎣ ⎦U U u u  θ θ    (192) 
Linearly independent basis functions { }0 1 2, , ,...V V V of the inner expansion (185) are as 
follows 
( ) ( )
( ) ( ) ( ) ( )
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   (193) 
The first terms on the right hand side of (193) express the asymptotic behaviour of the 
functions i V  for ρ→∞. In equation (193) ( )3−u θ  denotes the dual (auxiliary) solution for 
the T-stress which has been already discussed in the chapter 4.1.4. The coefficients 
1 ( ) 2 ( ) and  d p d pK K  are computed on the inner domain Ωin, which is unbounded for ε→0 but 
in the model employed in the finite element calculation, Ωin is approximated by a circular 
region with radius R much larger than the crack extension length ad(p). On the circle 
boundary, the condition of the type ( )1 1in δ∂Ω = ρU u θ  is prescribed. 1 ( ) 2 ( ) and  d p d pK K are 
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V V     (194) 
The coefficients 1 ( ) 2 ( ) and  d p d pK K′ ′  in (193) are calculated in a similar way with the 
boundary condition ( )3in∂Ω = ρU u θ  prescribed on the circular region boundary. 
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V V     (195) 
The incremental energy release rate (ERR) Gd(p), related to the unperturbed state U0 
(without the crack extension) and perturbed state Uε (with the small finite crack extension), 
is defined as  
( )
( ) ( )
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( ) ( )( )
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( ) ( )( ) ( ) ( )( )
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where δW is the potential energy change, εd(p) = ad(p)/Lc, H – Generalized Stress Intensity 
Factor and T is a T-stress. Observe, that line Γ is any contour surrounding the crack tip and 
the crack increment and starting and finishing on the stress-free faces of he primary crack. 
Among others, the crack extension faces along ap or ad respectively, form an admissible 
contour which allows to rewrite (196) as a work done along ad(p) and leads to the classical 
virtual crack closure method  
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    (197) 
where the integral along ad(p) means along two faces ( ) ( ) and d p d pa a
+ −  and ΔUε denotes 
( ) ( )l l lU U U+ −ε ε εΔ = −  where the sign + or – refer to upper or lower crack face. The 
expression (197) is rather difficult to handle numerically since the singularities govern the 
behavior along ad(p).Nevertheless, it offers an idea to calculate the fracture mode mixity 
based upon the energy release rate (ERR). For δ1 > 1/3, the ratio of the debonding to the 
penetrating ERR follows from (196) as 
( ) ( )( ) ( ) ( ) ( )
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′Ψ + Ψ + Ψ ⎛ ⎞= ⎜ ⎟⎜ ⎟′Ψ + Ψ + Ψ ⎝ ⎠





ρ θ ρ θ ρ θ ρ θ
   (198) 
Similar relation is obtained for δ1 < 1/3. The fracture mode mixity based on the stress 
intensity factor (SIF) concept is usually represented by the so-called local phase angle 
KΨ defined by 1 2 KiK K iK K e Ψ= + = where K is the complex stress intensity factor (SIF), 
associated to a reference length l according to the proposal by Rice [77]. The ERR based 
fracture mode mixity originally results from the application of the virtual crack closure 
method.  
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Consider a small but finite length ad of a virtual crack extension along the interface. 
The energy release rate (ERR) associated to this crack extension is 
( ) ( ) ( )d d dI d dII dG a G a G a= + ,        (199) 
where 
( ) ( ) ( ) ( ) ( ) ( )22 2 12 1
0 0
1 1,0 ,   ,0
2 2
d da a
dI d d dII d d
d d
G a s u a s ds G a s u a s ds
a a
= σ Δ − = σ Δ −∫ ∫ .    (200) 
The Mode I component GdI corresponds to the energy released by normal stresses 
acting through crack face opening displacements, and Mode II component GdII corresponds 
to the energy released by shear stresses acting through crack face sliding displacements. 
The energetic mode mixity GdI/GdII for interface crack depends on ad . The associated 
phase angle ΨG is defined as 
( )
( )2tan ,   0 2dII dG GdI d
G a
G a
πΨ = ≤ Ψ ≤ .       (201) 
Instead of Eqs. (200), the concept of Ψ-integral can be applied for to evaluate the 
phase angle ΨG. First observe that Eq. (200) can be written in the form 
( ) ( )( )
( ) ( )( ) ( ) ( )( )
0 0
0 0 0 0
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   (202) 
On the other side, assume any contour Γ surrounding the crack tip and write 
( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )
0 0 0 0
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U U U U
U U U U
ε ε ε ε
ε ε ε ε
σ σ σ δ σ δ
σ σ σ σ
  (203) 
where tl is the unit tangential vector of Γ. The last two integrals in Eq. (203) are path-
independent only if nlnj =δlj, that is if Γ is a rectangle with its sides parallel to coordinate 
axes. In such a case, the last two integrals correspond to GdI and GdII respectively. Thus, 
the ERR based phase angle ΨG for deflected crack can be calculated by substituting for GdI 
and GdII from Eq. (203) to (201). Note that the ERR and the SIF based measures of mode 
mixity for an interface crack, phase angle ΨG and ΨK, are related see [58]: 
( ) ( )( )
( )
( ) ( )2
sinh 2 1/ 2
cos 2 cos 2 2 ln arg arctan 2 ,
2 12 1 4
o od




⎡ ⎤⎡ ⎤πε Γ + εΨ = Ψ + ε + − ε⎢ ⎥⎢ ⎥Γ + επε + ε ⎢ ⎥⎣ ⎦⎣ ⎦
 (204) 
where εo is an oscillation index – see [7] , [24], [58] or [95]. 
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7.2.3 Inclined crack impinging a interface 
Asymptotic expansion for the primary inclined crack before the perturbation inception 
takes place reads  
( ) ( ) ( ) ( )1 20 0 1 1 2 20 ...x H r H rδ δ= + + +U U u u  θ θ ,     (205) 
where only singular terms are considered. The GSIFs H1 and H2 can be again computed 
using relations (22) and (23). 
The outer expansion for the perturbed domain Ωε is 
( ) ( ) ( ) ( ) ( ) ( )1 20 1 1 ( ) 1 2 2 ( ) 2 ...d p d px x k K r k K r−δ −δε − −= + ε + ε +U U u uθ θ     (206) 
The inner expansion for the perturbed domain Ωε  reads 
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )
1 1 2
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1 1 ( ) 2 ( ) 21 1 2
1 ( ) 2 ( )2 1 2
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.... ...
d p d p
d p d p
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′ ′⎡ ⎤× ρ + ρ + ρ + +⎣ ⎦




  (207) 
The first terms in the brackets on the right-hand side of Eq. (207) describe the 
behaviour of functions i V  for ρ→∞. ( ) ( )1 2,θ θ− −u u are dual (auxiliary) solutions to 
( ) ( )1 2,θ θu u , see above. The determination of the coefficients 
( ) ( ) ( ) ( )1 2 1 2, , , ,d p d p d p d pK K K K′ ′ proceeds in a similar fashion as the coefficients K in the section 
7.2.2, ( ) ( )1 2,d p d pK K  are calculated in the inner domain whose remote boundary ∂Ωin is 
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Similarly, the coefficients ( ) ( )1 2,d p d pK K′ ′ are calculated in the inner domain whose 
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The incremental energy release rate (ERR) Gd(p), related to the unperturbed state U0 
(without the crack extension) and perturbed state Uε (with the small finite crack extension), 
is defined as (see also Eq. (197)) 
( )
( ) ( )
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( ) ( ) ( )( )
1 1 1





1 1 ( ) 1 1
1
1 2 1 ( ) 1 2 ( ) 21 2
2







d pd p d p
d p d p
d
d p d pd p
d p d p
W WG H K
a L L











−= − = − Ψ = − Ψ −
⎡ ⎤′− Ψ + Ψ −⎣ ⎦
′− Ψ +
U U u u





δ δ δ δ δ
δ δ
ε ρ θ ρ θε
ε ρ θ ρ θ ρ θ ρ θ
ε ρ θ ρ θ
  (210) 
The ratio of the debonding to the penetrating ERR follows from Eq.((210)) as 
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( )
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  (211) 
which corresponds to the relation obtained by the authors [109] in a different way, see their 
Eq. (18). An ERR based phase angle ΨG for deflected crack is defined as 
( )
( ) ( ) ( )( )
( ) ( )( )
2 0 0
0 0
1tan ,   0 , ,
2 2
1 , - unit tangential vector of .
2
dII d
G G dII kl k l j j kl k l j j
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πΨ = ≤ Ψ ≤ = − σ − σ





  (212) 
7.2.4 Competition between the crack deflection and the crack penetration 
The real competition between the crack deflection (along the interface) and the crack 
penetration can be assessed only with the knowledge of the toughnesses in the appropriate 
directions – for the deflection: the interface toughness Gci; for the penetration: the 
toughness of the material M1 - Gc1. These values have to be specified on the base of the 
experiments (on the real specimens). This was not performed within this thesis. If these 







>  .                   (213) 
And vice versa, if the inequality is of the opposite sign, the penetration is preferred before 
the deflection. Note, that the considered finite crack extensions of both, deflected and 
penetrating crack, must have the same lengths (ad=ap). 
This energetic criterion (213) for the crack deflection gives only the information about 
the prospective propagation direction, however not any information whether the crack, 
terminating on the interface, will start the next propagation under the given loading or not. 
To this end also the stress criterion have to be used. The values of the tangential stresses at 
the crack extension tip have to be compared with the critical stresses σc of the material in 
appropriate direction. These critical values have to be also determined by the experiment. 
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8 Examples 
The previous chapters described the fundamental theory necessary for the assessment of 
the general stress concentrators in anisotropic media. Description of the asymptotic stress 
field and subsequent definition of the fracture criterion has been studied. To make this 
work complete, several demonstration examples summarizing all outcomes will be 
presented. The problems of the crack terminating at right and arbitrary angle to the bi-
material interface will be analyzed.  
The fundamental question when assessing the general stress concentrators is how they 
will behave under the given loading conditions. This question includes a prediction of the 
further crack propagation direction (crack penetration or crack deflection along the 
interface – debonding of the interface) and also determination of the load under which the 
crack growth will occur.  
For the finite element analysis of the stress and displacement field (on the bi-material 
model) the commercial system for the Finite Element Analysis ANSYS 10.0 has been 
used. The numerical calculations of the singularity exponent, GSIF, T-stress and problems 
of the fracture criteria were performed by force of the mathematical software MAPLE 10.0 
and MATLAB 7.1. 
8.1 Crack perpendicular to the bi-material interface in orthotropic 
media (with transversally isotropic surface layer) 
The materials used within this example were purposely chosen to be transversally isotropic 
(special case of the orthotropic material - material properties in the plane perpendicular to 
the fibre direction L are isotropic - Fig. 36). This type of material is a typical representative 
when considering e.g. the laminate composites with layers reinforced by the long fibres 
and where the particular layers have different orientation. It can also be a case of the 
orthotropic material protected by some surface layer or coating. In the example, the major 
material directions in the specimen were chosen to be coincident with the coordinate 
system axes as shown in the Fig. 36. If these material directions are not coincident with the 
CS axes, the layer exhibits general anisotropic behaviour and in the given coordinate 
system the material compliance matrix (82) is more complicated and not symmetric. This 
case can also be solved using the above described theory with the only complication 
consisting in the higher number of needed elastic constants. The definition of these 
material properties for the calculations represents the main problem of the whole solution. 
The anisotropy itself doesn’t represent any problem (thanks to the employment of the 
Lechnitskii-Stroh formalism). 
8.1.1 Description of the stress field 
Consider now a bi-material specimen as shown in Fig. 36 which is subjected to the tension 
load σappl = 100 MPa on its boundary. Material M1 represents the substrate and material 
M2 represents the transversally isotropic surface layer of the thickness h=4mm. Further 
consider the coupled DOFs of both materials along the loaded surfaces. A crack 
perpendicular to the interface between M1 and M2 is introduced in the middle of the 
surface layer. The orthotropic material M1 is described by 9 elastic constants, where 5 of 
them are independent and the transversally isotropic surface layer is described in the plane 
x1x2 by two independent elastic constants (specified in the Fig. 36). 
 









Fig. 36  Scheme of the solved bi-material configuration with a crack perpendicular to the bi-
material interface. 
For the parametric study there were chosen several material configurations by 
variation of Dundurs’ parameter α - see Eq (87) and by setting Dundur’ parameter β=0. 
The isotropic material of the surface layer was set as a reference material with constant 
elastic properties E=60000 MPa, ν=0.238 and the elastic properties of the orthotropic 
material were computed for each value of α using the relations (81)-(88) and setting the 
composite parameters λ1=0.1,  ρ1=2,  λ2=1,  ρ2=1 - see (84). Note, that only the interval of the 
parameter α ∈(-0,99, 0.4) has the physical meaning for the chosen material configuration 
and parameters λ, ρ (maximum range of α is (-1, 1)). The resulting elastic properties of the 
orthotropic material M1 for the values of α outside the range (-0.99, 0.4) do not satisfy the 
following condition of a real material in the FE system ANSYS (the compliance matrix of 
the material properties has to be positively definite): 
T,1 Z,1 Z,1 Z,12 2 2
LT,1 TZ,1 LZ,1 LT,1 TZ,1 LZ,1
L,1 T,1 L,1 L,1
1 ν ν ν 2 ν ν ν 0.
⎛ ⎞− ⋅ − ⋅ − ⋅ − ⋅ ⋅ ⋅ ⋅ >⎜ ⎟⎜ ⎟⎝ ⎠
E E E E
E E E E
    (214) 
If this condition is not fulfilled, the FE solution cannot be performed with this 
material. The FE solution is necessary for the GSIF determination and for the criteria 
solution. 
The model for the FE analysis has been specially defined so that the mesh in the 
vicinity of the crack tip is uniform with linearly decreasing element size as approaching the 
singular point. In the region where the integration path crosses the interface a finer mesh 
was used (Fig. 37) in order to reduce the numerical errors in the integration process. 
However, when the model is required to be simpler (to contain a smaller number of 
elements), the mesh refinement is not required and the errors without this refinement are 
relatively small and in some cases they are insignificant. Nevertheless, the study of this 
influence is recommended to perform before any larger computations. In the next 
calculations the refinement will be considered to keep the eventual errors on the as low 
level as possible. Also a study of the influence of the whole mesh refinement on the results 
has been carried out. It was found that a much coarser mesh (in comparison to that one in 
Fig. 37) can also provide sufficiently good results, with no high deviations of GSIF values 
from the results obtained with a finer mesh. No special singular elements have been 
applied – only the standard quadratic plane 8-node elements are used in the FE model. 




















M1: EL1 ET1 EZ1, νLT,1 νTZ,1 νLZ,1, GLT,1 GTZ,1 GZL,1 ; M2: E2= ET2= EZ2, ν2 
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Fig. 37  Example of the FE mesh in the vicinity of the crack tip perpendicular to the bi-material 
interface with detail of the mesh refinement on the integration path at interface crossing.  
The characteristic eigenvalues of the singularity δ1, δ2 (Table 3) has been calculated 
using the L.E.S. method analyzed in 0 and by employing mathematical software Maple 10, 
where the code for these calculations has been written. The corresponding generalized 
stress intensity factors H1, H2 (GSIF) and the T-stress T have been calculated using the Ψ-
integral, based on the Betti´s reciprocal theorem – as described in 4.1.3 and 4.1.4. The 
calculations are carried out as a parametric study for several Dundurs’ parameters α:  








GSIF – H1 
[ 11-δMPa.m ] 
GSIF – H2 
[ 21-δMPa.m ] 
T-stress – T 
[MPa] 
-0.99 0.039521 0.070269 0.081 29.015 12528.0 
-0.9 0.124150 0.220120 0.012 8.334 1193.2 
-0.8 0.174523 0.307537 0.005 5.929 387.1 
-0.7 0.212760 0.371383 0.003 4.993 159.9 
-0.6 0.244859 0.421938 0.002 4.435 68.1 
-0.5 0.273191 0.463121 0.002 3.997 24.8 
-0.4 0.298994 0.496945 0.001 3.593 2.8 
-0.3 0.323018 0.524661 0.001 3.193 -8.5 
-0.2 0.345761 0.547175 0.001 2.796 -14.1 
-0.1 0.367575 0.565216 0.001 2.410 -16.6 
0 0.388725 0.579406 0.0004 2.049 -17.1 
0.1 0.409413 0.590282 0.0003 1.718 -16.5 
0.2 0.429803 0.598308 0.0003 1.424 -15.2 
0.3 0.450028 0.603876 0.0002 1.164 -13.5 
0.4 0.470199 0.607312 0.0002 0.936 -11.6 
Table 3  Values of the singularity exponents δ, GSIFs and T-stresses (calculated using the L.E.S. 
method) for several values of Dundurs’ parameter α for orthotropic substrate and transversally 
isotropic surface layer with crack perpendicular to the interface. 
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Note here, that δ1 corresponds to the stronger singularity, δ2 to the weaker singularity 
and the characteristic eigenvalue of the singularity δ3=1 corresponds to the regular term T-
stress. To all the characteristic eigenvalues δ1 and δ2 pertain the appropriate GSIFs H1 and 
H2 respectively. The mathematical software Matlab 7.1 has been used for the calculations 
of GSIFs and T-stresses. Observe that for the perpendicular crack the first singular term is 
negligible in comparison with the second one (H1<<H2) and most likely the non-zero value 
of H1 is due to numerical errors. This phenomenon is possible to observe only for the case 
of the crack perpendicular to the bi-material interface and simultaneously for the case, 
where the principal material directions of both materials coincide with the chosen CS x1x2 
(Fig. 36). Apparently in the case investigated, the GSIF H1 relates to the antisymmetric 
mode while H2 relates to the symmetric mode, see also the remark in the section 7.2.2. 
This implies that near the singular point the stress and displacement fields evoked by this 
type of general stress concentrator under symmetric applied loading can be reliably 
described by use of only one singular and one regular term (T-stress). In case of the 
inclined crack or the material configuration with inclined major material directions, other 
singular terms should be taken into consideration (as will be presented in the following 
section) and assessed in terms of their importance. In this section which deals with the 
perpendicular crack, the first singular term will be omitted from the calculations. 
Fig. 38 -Fig. 41, show the decomposition of the full stress and displacement field 
(around the vicinity of the crack tip) into individual terms. The thin dark (blue) curves are 
the stresses and displacements obtained from the FE analysis. As such these curves 
correspond to the full Williams-like asymptotic expansion (they contain all terms from this 
expansion). On the other side, there are two lighter (orange) curves which have been 
obtained from the asymptotic singularity analysis using the L.E.S. method and the Ψ-
integral (GSIF and T-stress calculations). The thin light (orange) curves correspond to the 
singular solution where only one singular term in the asymptotic expansion is considered 
(the more dominant one). It means the displacements and stresses are described as follows: 
( )20 2 2.δ= ⋅U uH r θ , ( )2 12 ,2.ij ijH r f θδ −σ = ⋅ . When consider one more term in the 
asymptotic expansion (T-stress in this case), then one obtain the light thick (orange) curve. 
Then the displacements and stresses are described using the following expansions: 
( ) ( )20 2 2 3.δ ⋅ ⋅= ⋅ + ⋅ ⋅U u ui2 j2H r θ T r δ δ θ ; ( )2 12 ,2.ij ij i2 j2H r f θ T δ δδ −σ = ⋅ + ⋅ ⋅ . All figures 
clearly show that the more terms are considered, the more exact is the description of the 
stress and displacement field (in comparison with the Finite Element solution). The 
number of terms in the asymptotic expansion, which are necessary for the sufficiently 
exact description of the stress and displacement field, depends also on the bi-material 
configuration. Comparing the Fig. 38 with Fig. 39 or Fig. 40 with Fig. 41 one can observe 
that the more the radius of the integration path is approaching the singular point the more 
the FE stress and displacement fields are approaching the singular solution. The FE 
solution can thus contain some influence of the free surface when the integration path is 
close to it. 
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Dundurs´ parameters: 
α = -0.1    β = 0 
Integration path radius: 
R = 0.1mm 
Crack angle: 
φ = 90° 
     Singular solution + T≠0 
     Singular solution + T=0 
     FE solution 

























Angle from x1-axis [°] Angle from x1-axis [°] 




























]      Singular solution H2≠0 + T≠0
     Singular solution H2≠0 + T=0
     FE solution 
Dundurs´ parameters: 
α = -0.1    β = 0 
Integration path radius: 
R = 1mm 
Crack angle: 
φ = 90° 
     Singular solution + T≠0 
     Singular solution + T=0 
     FE solution 

























Angle from x1-axis [°] Angle from x1-axis [°] 




























]      Singular solution H2≠0 + T≠0 
     Singular solution H2≠0 + T=0 















Fig. 38  Comparison of the stresses and displacements for α=-0.1, β=0, obtained from the FE 
analysis and from the asymptotic singularity analysis including (or not including) the T-stress term, 
















Fig. 39  Comparison of the stresses and displacements for α=-0.1, β=0, obtained from the FE 
analysis and from the asymptotic singularity analysis including (or not including) the T-stress term, 
on the circular integration path of radius R=0.1mm. 
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Dundurs´ parameters: 
α = 0.3    β = 0 
Integration path radius: 
R = 1mm 
Crack angle: 
φ = 90° 
     Singular solution H2≠0 + T≠0
     Singular solution H2≠0 + T=0
     FE solution 
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α = 0.3    β = 0 
Integration path radius: 
R = 0.1mm 
Crack angle: 
φ = 90° 
     Singular solution + T≠0 
     Singular solution + T=0 
     FE solution 
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]      Singular solution H2≠0 + T≠0
     Singular solution H2≠0 + T=0














Fig. 40  Comparison of the stresses and displacements for α=0.3, β=0, obtained from the FE 
analysis and from the asymptotic singularity analysis including (or not including) the T-stress term, 
















Fig. 41  Comparison of the stresses and displacements for α=0.3, β=0, obtained from the FE 
analysis and from the asymptotic singularity analysis including (or not including) the T-stress term, 
on the circular integration path of radius R =0.1mm. 
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8.1.2 Fracture criteria 
The preceding results concern the description of the stress and displacement field near the 
crack tip at the bi-material interface. A tool for the decomposition of the “full” stress 
(displacement) fields (which can be obtained e.g. from the FE analysis) into asymptotic 
expansion was developed. This effort is now to be utilized in the fracture criterion, where 
the influence of particular asymptotic expansion terms on the resulting behaviour of the 
general stress concentrator will be assessed. To this end, the theory of the finite fracture 
mechanics and the matched asymptotic procedure (see 7.2.2) is to be employed. To predict 
the subsequent crack extension (under the given loading conditions), the change of the 
potential energy (and corresponding Energy Release Rate - ERR) caused by the increase of 
the main crack by some finite extension (in all possible propagation directions) have to be 
calculated. Using relations (194) and (195), the coefficients of the outer expansion (192) - 
K1d(p), K2d(p), K´1d(p) and K´2d(p), required also for the calculation of ERR Gd(p)  (196) are 
obtained. Analogical calculations as for GSIF or T-stress based on the Ψ-integral are used 
here. The required FE solution is performed using the FE model of the inner domain of 
circular shape as depicted in the Fig. 42. The FE code ANSYS 10.0 has been used again. 
Note that the mesh refinement at the area where the integration path crosses the interface is 
















Fig. 42  Example of the FE mesh used for the case of a singly (doubly) deflected crack and 
penetrating crack.  
The determination of the change of the ERR Gd(p) - relation (196) (caused by the finite 
crack extension), requires a numerical solution of the stress and displacement field on the 
so-called inner domain by FEM. The ERRs are calculated from the change of the potential 
energy between the unperturbed state (main crack without extension) and perturbed state 
(main crack with small crack extension) – see (196).  
Inner domain – 
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The inner domain (Fig. 42) is subjected to the displacement field on the diameter 
R=1mm where for the calculation of parameters K1d(p) and K2d(p)  the boundary condition 
(215) is used and for the parameters K´1d(p), K´2d(p) the boundary condition of type (216) is 
applied:  
( )2δ1 2 2 2 2( , )= ...... where 1x x H r θ H =0U u         (215) 
( )1 2 3( , )=  ...... where 1.x x T r T =0U u θ             (216) 
The characteristic eigenvalue δ2 (corresponding to the more dominant singular term) 
and the functions u2(θ), u3(θ) are taken from the singularity analysis – see previous section 
8.1.1. In the FE calculations, GSIF H2 and the T-stress T are set equal to unit. The actual 
values of GSIFs and T-stresses (from Table 3) will be substituted later. Note, that the total 
length of doubly deflected crack extension ad equals to the length of the singly deflected 
crack extension and to the penetrating crack extension ap (ad = ap). The crack extension 
length is for the most part represented by the dimensionless parameter ε=ad(p)/Lc in 
pertinent relations. 
The appropriate ERR Gsd, Gd, Gp are calculated for all possible directions using 
formula (196) where GSIF H=H2 and the T-stress T are taken from the Table 3. All 
coefficients K, ERRs G, and their ratios for several parameters α are given in the Table 4 
(for ε = 1/50) and Table 5 (for ε = 1/500). 
β=0,  λ1=0.1,  ρ1=2,  λ2=1,  ρ2=1,  E2=60000 MPa, ν2=0.238,   ε = 1/50 




























 -0.078111 -1.03 e-07 -5.14 e-04 -2.18 e-06 1.81 e-03 0.425 4.78 e-03 0.163 
-0.9 -0.077071 -4.40 e-07 -7.92 e-04 -1.96 e-06 1.79 e-03 0.419 4.60 e-03 0.157 
 -0.183052 -2.66 e-05 -3.69 e-02 -1.04 e-05 4.25 e-03  2.93 e-02  
 -0.015780 -3.39 e-07 -5.39 e-04 -6.94 e-07 7.22 e-05 0.187 9.82 e-05 0.133 
-0.7 -0.015266 -5.98 e-07 -6.95 e-04 -5.42 e-07 6.99 e-05 0.181 9.73 e-05 0.132 
 -0.083535 -1.33 e-05 -1.22 e-02 -2.54 e-06 3.82 e-04  7.38 e-04  
 -0.005948 -4.44 e-07 -5.02 e-04 -3.67 e-07 1.18 e-05 0.114 1.29 e-05 0.110 
-0.5 -0.005926 -5.64 e-07 -5.53 e-04 -2.60 e-07 1.18 e-05 0.114 1.31 e-05 0.111 
 -0.051630 -6.92 e-06 -5.44 e-03 -8.48 e-07 1.03 e-04  1.17 e-04  
 -0.003356 -4.77 e-07 -4.54 e-04 -2.22 e-07 3.47 e-06 0.090 3.18 e-06 0.089 
-0.3 -0.003503 -5.00 e-07 -4.49 e-04 -1.47 e-07 3.62 e-06 0.094 3.30 e-06 0.092 
 -0.036793 -3.26 e-06 -2.38 e-03 -2.29 e-07 3.81 e-05  3.58 e-05  
 -0.002565 -4.60 e-07 -4.19 e-04 -1.41 e-07 1.41 e-06 0.090 1.06 e-06 0.072 
-0.1 -0.002716 -4.25 e-07 -3.85 e-04 -8.78 e-08 1.49 e-06 0.096 1.14 e-06 0.078 
 -0.028200 -8.86 e-07 -6.93 e-04 -2.04 e-08 1.55 e-05  1.46 e-05  
 -0.002353 -4.04 e-07 -4.22 e-04 -8.97 e-08 6.56 e-07 0.105 4.15 e-07 0.061 
0.1 -0.002440 -3.40 e-07 -3.73 e-04 -5.33 e-08 6.80 e-07 0.109 4.61 e-07 0.068 
 -0.022230 6.98 e-07 3.60 e-04 -1.71 e-08 6.19 e-06  6.76 e-06  
 -0.002360 -3.17 e-07 -5.00 e-04 -5.57 e-08 3.04 e-07 0.135 1.72 e-07 0.054 
0.3 -0.002357 -2.49 e-07 -4.43 e-04 -3.17 e-08 3.04 e-07 0.135 1.92 e-07 0.060 
 -0.017410 1.60 e-06 1.11 e-03 -1.34 e-07 2.24 e-06  3.20 e-06  
Table 4  Coefficients of the inner expansion, ERR of the deflected and penetrating crack (for a 
finite crack extension of the characteristic size ε = 1/50) and ratios of the ERR for singly (doubly) 
deflected and penetrating crack (sd – single deflection, d – double deflection, p – penetration).  
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β=0,  λ1=0.1,  ρ1=2,  λ2=1,  ρ2=1,  E2=60000 MPa, ν2=0.238,   ε = 1/500 




























 -3.02 e-02 -1.70 e-08 -1.76 e-04 -8.90 e-09 2.54 e-03 0.386 2.55 e-03 0.362 
-0.9 -2.98 e-02 -3.70 e-08 -1.87 e-04 -5.81 e-09 2.51 e-03 0.381 2.52 e-03 0.357 
 -7.77 e-02 -1.89 e-06 -2.74 e-03 -9.99 e-08 6.55 e-03  7.04 e-03  
 -2.97 e-03 -2.90 e-08 -1.68 e-04 -9.85 e-09 2.46 e-05 0.175 2.47 e-05 0.173 
-0.7 -2.87 e-03 -3.85 e-08 -1.72 e-04 -7.96 e-09 2.37 e-05 0.168 2.40 e-05 0.168 
 -1.66 e-02 -6.32 e-07 -7.06 e-04 -2.98 e-08 1.37 e-04  1.43 e-04  
 -7.54 e-04 -2.72 e-08 -1.33 e-04 -3.49 e-09 1.78 e-06 0.109 1.79 e-06 0.115 
-0.5 -7.45 e-04 -3.01 e-08 -1.33 e-04 -2.26 e-09 1.75 e-06 0.108 1.77 e-06 0.114 
 -6.51 e-03 -2.63 e-07 -3.11 e-04 -8.52 e-09 1.53 e-05  1.55 e-05  
 -3.28 e-04 -2.52 e-08 -1.11 e-04 -2.45 e-09 3.03 e-07 0.089 3.01 e-07 0.096 
-0.3 -3.36 e-04 -2.50 e-08 -1.10 e-04 -1.62 e-09 3.10 e-07 0.091 3.08 e-07 0.098 
 -3.43 e-03 -1.11 e-07 -1.70 e-04 -2.51 e-09 3.17 e-06  3.14 e-06  
 -2.06 e-04 -2.15 e-08 -1.10 e-04 -1.44 e-09 8.38 e-08 0.090 8.11 e-08 0.093 
-0.1 -2.13 e-04 -2.00 e-08 -1.08 e-04 -8.63 e-10 8.66 e-08 0.093 8.43 e-08 0.097 
 -2.15 e-03 -3.31 e-08 -1.17 e-04 -2.13 e-10 8.76 e-07  8.70 e-07  
 -1.63 e-04 -1.72 e-08 -1.44 e-04 -9.02 e-10 3.00 e-08 0.106 2.83 e-08 0.101 
0.1 -1.65 e-04 -1.52 e-08 -1.42 e-04 -5.19 e-10 3.04 e-08 0.108 2.91 e-08 0.104 
 -1.50 e-03 1.18 e-08 -1.23 e-04 -1.62 e-10 2.75 e-07  2.79 e-07  
 -1.48 e-04 -1.22 e-08 -2.43 e-04 -5.65 e-10 1.18 e-08 0.136 1.09 e-08 0.118 
0.3 -1.45 e-04 -1.03 e-08 -2.42 e-04 -3.15 e-10 1.16 e-08 0.134 1.09 e-08 0.118 
 -1.09 e-03 3.61 e-08 -2.03 e-04 -1.35 e-09 8.71 e-08  9.28 e-08  
Table 5  Coefficients of the inner expansion, ERR of the deflected and penetrating crack (for a 
finite crack extension of the characteristic size ε = 1/500) and ratios of the ERR for singly (doubly) 
deflected and penetrating crack (sd – single deflection, d – double deflection, p – penetration).  
Note that the results in the previous two tables present only a representative selection 
of all computed results. A complete set of results is displayed in the Fig. 43. The graphs 
show the dependency of the ratios Gsd/Gp (Gd/Gp) on Dundurs’ parameter α for several 
crack extension lengths assuming either the T-stress term in the Williams-like asymptotic 
expansion is considered or not. Apparently, when the T-stress term is not considered, the 
ratios Gsd/Gp (Gd/Gp) are in fact independent of the crack extension size. This also follows 
from the relation (198), which simplifies to the plain ratio of K1sd and K1p (or K1d and K1p) 
if the T-stress is set to zero. Propably the small differences between curves, especially for 
the lower values of α are caused by both the accuracy of the numerical integration and the 
used element size in the FE model. When the T-stress is considered, the complete relation 
(198) has to be used. The dependency on the crack extension length is obvious. This 
property also follows from Eq. (198). The competition between the single or double 
deflection is characterized by the ratios Gsd/Gp and Gd/Gp. If Gsd/Gp > Gd/Gp the single 
deflection is preferred before double deflection and vice versa. The competition between 
single (double) deflection and penetration is given by the relation (213). As stated already 
in 7.2.4, the final assessment of the propagation direction requires the knowledge of the 
material and interface toughness which have to be determined experimentally. 
Note that for the assessment of the propagation direction, the mode mixity should be 
also taken into the account. It can strongly influence the criterion (213) and the decision 
about the further propagation direction. The mode mixity characterized by the phase angle 
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ΨG (204) influences the resulting interfacial toughness. The bigger the phase angle ΨG is, 
the higher interfacial toughness is reached. The dependence of the interfacial toughness on 
the mode mixity has been studied in several papers - e.g. [7]-[9] . It was suggested that the 
resulting interfacial toughness can be described for example by the relation ( )21 1 tan= ⋅ + Ψic GG G , where G1 is the interfacial toughness for the zero phase angle ΨG. 
It follows from this expression, that for the values of the phase angle ΨG higher than 40° or 
50°, the resulting interfacial toughness starts to grow dramatically. The calculations of the 
phase angle ΨG were not performed within this thesis and it should be a point of interest of 















Fig. 43 The ratio of Gsd/Gp (Gd/Gp) as a function of Dundurs’ parameter α for several values of the 
characteristic crack extension size ε. 
When the T-stress term is considered, one can observe, that with decreasing ε the 
ratios Gsd/Gp (Gd/Gp) approach the limiting case when the T-stress is not considered. In 
other words, when the crack extension is too small, influence of the T-stress is not 
measurable. The length of the crack extension should be chosen in accordance with 
relation (172). 
Observe also (in Fig. 43 or Table 4 and Table 5) that for the perpendicular crack the 
difference between the single and double deflection ERR ratios is very slight. This leads to 
a conclusion that it is not possible to decide for a certainty whether the single or double 
deflection will occur. The resulting behaviour will depend also on some other factors like 
the loading, geometry or bonding imperfections which will start up one of these deflection 
types. 
  ε =1/50 
ε =1/100
 ε=1/500 
  ε =1/500 
  ε =1/100 
  ε =1/50 
         Ratio Gsd/Gp for H2≠0 and T≠0 
       Ratio Gd/Gp for H2≠0 and T≠0 
       Ratio Gsd/Gp for H2≠0 and T=0 
       Ratio Gd/Gp for H2≠0 and T=0 
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8.2 Crack terminating at an arbitrary angle on the bi-material 
interface in orthotropic media (with transversally isotropic surface 
layer) 
8.2.1 Description of the stress field 
Solution to a similar problem as for the perpendicular crack is demonstrated for the case of 
the main crack inclined with respect to the interface. All the theory and calculations are in 
complete analogy to 8.1.1 with the only difference in the boundary conditions (97), where 
the condition of zero resulting force Ti=0 (98) is set for the angles corresponding to the 









Fig. 44  Scheme of the solved bi-material configuration with crack situated at arbitrary angle to the 
bi-material interface 
In the same way as in the previous section 8.1.1 the characteristic eigenvalues of the 
singularity δ1 and δ2 have been calculated using the L.E.S. method (Table 6-Table 9). In 
contrast to the case of the perpendicular crack the characteristic eigenvalue δ3=1 does not 
generally exist, hence the T-stress was not calculated. The whole stress and displacement 
field is thus described only by the singular terms in the asymptotic expansion. The first 
singular term which was not involved for the perpendicular crack because GSIF H1 was 
obviously zero is now getting to be significant. The more the crack is inclined from φ=90° 
the more significant the first singular term is. Therefore, the two generalized stress 
intensity factors H1 and H2 will be needed for description of the stress and displacement 
field. They are again computed using the Ψ-integral for several values of Dundurs’ 
parameter α and for several inclination angles φ  (see Table 6-Table 9). All the results from 

























M1: EL1 ET1 EZ1, νLT,1 νTZ,1 νLZ,1, GLT,1 GTZ,1 GZL,1 ; M2: E2= ET2= EZ2 , ν2   
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GSIF – H1 
[ 11-δMPa.m ] 
GSIF – H2 
[ 21-δMPa.m ] 
-0.99 0.039831 0.071713 6.01 39.57 
-0.9 0.125243 0.223763 1.04 11.52 
-0.8 0.176213 0.311326 0.53 8.08 
-0.7 0.214963 0.374518 0.34 6.62 
-0.6 0.247513 0.424068 0.24 5.68 
-0.5 0.276235 0.464170 0.18 4.91 
-0.4 0.302365 0.497030 0.13 4.23 
-0.3 0.326649 0.524034 0.10 3.60 
-0.2 0.349576 0.546164 0.07 3.02 
-0.1 0.371489 0.564182 0.05 2.51 
0 0.392632 0.578710 0.03 2.07 
0.1 0.413186 0.590273 0.01 1.70 
0.2 0.433277 0.599323 0.01 1.41 
0.3 0.452982 0.606264 0.02 1.18 
0.4 0.472322 0.611467 0.03 0.99 
Table 6  Values of the singularity exponents, and GSIFs (calculated using the L.E.S. method) for 
several values of Dundurs’ parameter α for orthotropic substrate and transversally isotropic surface 
layer with crack inclined to the interface at angle φ=80°. 








GSIF – H1 
[ 11-δMPa.m ] 
GSIF – H2 
[ 21-δMPa.m ] 
-0.99 0.040770 0.076363 9.10 51.97 
-0.9 0.128533 0.235353 1.83 15.86 
-0.8 0.181276 0.323176 1.01 11.12 
-0.7 0.221556 0.384145 0.68 8.87 
-0.6 0.255457 0.430503 0.51 7.29 
-0.5 0.285356 0.467298 0.39 6.00 
-0.4 0.312473 0.497282 0.30 4.91 
-0.3 0.337528 0.522179 0.23 3.98 
-0.2 0.360979 0.543164 0.17 3.19 
-0.1 0.383121 0.561086 0.11 2.55 
0 0.404141 0.576596 0.06 2.04 
0.1 0.424141 0.590222 0.02 1.66 
0.2 0.443143 0.602423 0.02 1.39 
0.3 0.461097 0.613626 0.05 1.21 
0.4 0.477877 0.624256 0.08 1.08 
Table 7  Values of the singularity exponents, and GSIFs (calculated using the L.E.S. method) for 
several values of Dundurs’ parameter α for orthotropic substrate and transversally isotropic surface 
layer with crack inclined to the interface at angle φ=70°. 
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GSIF – H1 
[ 11-δMPa.m ] 
GSIF – H2 
[ 21-δMPa.m ] 
-0.99 0.042391 0.085323 13.66 67.91 
-0.9 0.134086 0.256964 2.94 22.87 
-0.8 0.189713 0.344368 1.71 16.06 
-0.7 0.232480 0.400691 1.22 12.26 
-0.6 0.268598 0.441210 0.94 9.50 
-0.5 0.300441 0.472388 0.75 7.37 
-0.4 0.329184 0.497687 0.59 5.70 
-0.3 0.355472 0.519195 0.46 4.38 
-0.2 0.379663 0.538290 0.34 3.35 
-0.1 0.401937 0.555957 0.22 2.55 
0 0.422352 0.572955 0.11 1.96 
0.1 0.440892 0.589895 0.02 1.56 
0.2 0.457504 0.607275 0.05 1.35 
0.3 0.472145 0.625485 0.10 1.26 
0.4 0.484812 0.644794 0.12 1.23 
Table 8  Values of the singularity exponents, and GSIFs (calculated using the L.E.S. method) for 
several values of Dundurs’ parameter α for orthotropic substrate and transversally isotropic surface 
layer with crack inclined to the interface at angle φ=60°. 








GSIF – H1 
[ 11-δMPa.m ] 
GSIF – H2 
[ 21-δMPa.m ] 
-0.99 0.044827 0.101046 16.80 89.23 
-0.9 0.142156 0.292137 4.03 33.62 
-0.8 0.201654 0.376067 2.50 22.91 
-0.7 0.247675 0.423843 1.89 16.26 
-0.6 0.286679 0.455550 1.53 11.72 
-0.5 0.321059 0.479054 1.28 8.57 
-0.4 0.351906 0.498214 1.05 6.33 
-0.3 0.379693 0.515275 0.83 4.68 
-0.2 0.404532 0.531772 0.60 3.43 
-0.1 0.426330 0.548883 0.37 2.48 
0 0.444952 0.567512 0.15 1.81 
0.1 0.460412 0.588239 0.02 1.41 
0.2 0.472954 0.611311 0.13 1.26 
0.3 0.483002 0.636755 0.17 1.26 
0.4 0.491024 0.664558 0.18 1.30 
Table 9  Values of the singularity exponents, and GSIFs (calculated using the L.E.S. method) for 
several values of Dundurs’ parameter α for orthotropic substrate and transversally isotropic surface 
layer with crack inclined to the interface at angle φ=50°. 
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Fig. 45  Variation of the eigenvalues δ1, δ2 and of the Generalized Stress Intensity Factors H1, H2 
with Dundurs’ parameter α for several angles φ of the crack inclination with respect to the bi-
material interface (Dundurs’ parameter β=0). 
Again, in analogy to the previous section, the decomposition of the “full” stress and 
displacement fields into asymptotic expansion (in the vicinity of the crack tip) was carried 
out. The first two terms are displayed in the Fig. 46 - Fig. 49. The thin dark (blue) curves 
refer to the stresses and displacements obtained from the FE analysis. The two lighter 
(orange) curves stand for the singular solution obtained using the L.E.S. method and the 
Ψ-integral. The thin light (orange) curves correspond to the singular solution where only 
the second singular term in the asymptotic expansion is considered. It means the 
displacements and stresses are described, for this case, as follows: ( )20 2 2.δ= ⋅U uH r θ ; 
( )2 12 .ij ijH r f θδ −σ = ⋅ . When both singular terms in the asymptotic expansion are 
considered, one then obtains the light thick (orange) curve. Then the displacements and 
stresses are described using the following expansions: ( ) ( )1 20 1 1 2 2. .δ δ= ⋅ + ⋅U u uH r θ H r θ ; 
( ) ( )1 21 11 ,1 2 ,2. .ij ij ijH r f θ H r f θδ − δ −σ = ⋅ + ⋅ . All figures clearly show that by considering both 
singular terms, the description of the stress and displacement field is more precise and 
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Dundurs’ parameters: 
α = 0.1    β = 0 
Integration path radius: 
R = 0.1mm 
Crack angle: 
φ = 70° 
     Singular solution - H1≠0 and H2≠0
     Singular solution - H1=0 and H2≠0
     Finite Element solution 

























Angle from x1-axis [°] Angle from x1-axis [°] 






























α = 0.1    β = 0 
Integration path radius: 
R = 0.1mm 
Crack angle: 
φ = 80° 
     Singular solution - H1≠0 and H2≠0
     Singular solution - H1=0 and H2≠0
     Finite Element solution 

























Angle from x1-axis [°] Angle from x1-axis [°] 













































Fig. 46  Comparison of the stresses and displacements around the inclined crack for φ=80°, α=0.1, 
β=0, obtained from the FE analysis and from the singular solution with consideration of a single or 















Fig. 47  Comparison of the stresses and displacements around the inclined crack for φ=70°, α=0.1, 
β=0, obtained from the FE analysis and from the singular solution with consideration of a single or 
both singular terms, on the circular integration path of radius R=0.1mm. 
                       
99 
Dundurs’ parameters: 
α = 0.1    β = 0 
Integration path radius: 
R = 0.1mm 
Crack angle: 
φ = 60° 
     Singular solution - H1≠0 and H2≠0
     Singular solution - H1=0 and H2≠0
     Finite Element solution 

























Angle from x1-axis [°] Angle from x1-axis [°] 






























α = 0.1    β = 0 
Integration path radius: 
R = 0.1mm 
Crack angle: 
φ = 50° 
     Singular solution - H1≠0 and H2≠0
     Singular solution - H1=0 and H2≠0
     Finite Element solution 
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Fig. 48  Comparison of the stresses and displacements around the inclined crack for φ=60°, α=0.1, 
β=0, obtained from the FE analysis and from the singular solution with consideration of a single or 
















Fig. 49  Comparison of the stresses and displacements around the inclined crack for φ=50°, α=0.1, 
β=0, obtained from the FE analysis and from the singular solution with consideration of a single or 
both singular terms, on the circular integration path of radius R=0.1mm. 
Doctoral thesis   
100 
8.2.2 Fracture criteria 
In the analogy to chapter 8.1.2 the values of ERRs for deflected and penetrating crack and 
their ratios were calculated. In the present case, the inner domain of circular shape with the 
diameter R=1mm measured in scaled up coordinates y (Fig. 42) is subjected to the 
displacement field along its boundary. For the calculation of parameters K1d(p), K2d(p) the 
boundary condition (217) is used and for the parameters K´1d(p), K´2d(p) the boundary 
condition of type (218) is applied:  
( )1δ1 2 1 1( , )= ......where 1,x x H r H =0 1U u θ          (217) 
( )2δ1 2 2 2 2( , )= ......where 1.x x H r H =0U u θ          (218) 
The characteristic eigenvalues δ1, δ2 and the functions u1(θ), u2(θ) are taken from the 
singularity analysis – see section 8.1.1.  All the other procedure and calculations are 
identical with that for the perpendicular crack.  
The obtained variations of the ERRs on Dundurs’ parameter α and on the crack 
inclination angle are displayed in the Fig. 50 a)-c). By comparing (217) and (218) with 
(215) and (216), one can see the difference in the considered terms of the Williams-like 
asymptotic expansion. For the perpendicular crack, the second singular term and the T-
stress were considered, for the inclined crack the first two singular terms (and no T-stress) 
were considered. As was already mentioned, this is because, the significancy of the first 
singular term with the change of the crack inclination angle (from 90°) increases (for 
perpendicular crack it vanishes). This phenomenon is also possible to observe in the    
Table 6 - Table 9, where the crack inclination angle φ changes from 80° to 50°.  
The appropriate ERR Gsd, Gd, Gp are again calculated for all possible directions using 
formula (210) where H1 and H2 are GSIFs from Table 6 - Table 9. Coefficients K, ERRs 
Gd,p, and their ratios for several parameters α are given (for ε = 1/100 and φ = 70°) in the 
Table 10. All calculated results of ratios Gsd/Gp and Gd/Gp are shown, for several crack 
inclination angles, in Fig. 50. Results from Fig. 50 a)-d) are also summarized in the Fig. 51 
for one chosen characteristic crack extension length ε=1/100. In Fig. 51 a) only one (first) 
singular term for ERR calculation is considered, while in Fig. 51 b) both singular terms are 
considered. By comparison of Fig. 51 a) and b) one can conclude that the influence of the 
second singular term on the ratios Gd/Gp is very significant and it can strongly affect the 
resulting verdict about the further propagation direction. The second singular term seems 
to be here more dominant for the fracture criterion than the first singular term. The other 
general conclusion which can be drawn for the inclined cracks is that the single deflection 
is preferred before the double deflection (especially for higher inclination angles). Also, 
with growing crack inclination (from the perpendicular direction) the probability of the 
crack deflection along the interface (with respect to the penetration) is increasing.  
Furthermore remark, that the penetrating crack was assumed to grow perpendicularly 
towards the interface for the calculations of ERR Gp. Generally, when considering the 
main crack inclined, the further propagation direction can also be different from the 
perpendicular one. Commonly, one should compute the ERR for the crack extensions in 
several possible penetrating directions and then select that where the ERR is maximal. For 
our material configuration the maximal ERR for the penetration was always (when 
consider both singular terms in the criterion) in the direction perpendicular to the interface 
(modulus ET is ten times lower than EL – given by parameter λ1=0.1) – see Fig. 52. 
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Fig. 50  Ratios Gsd/Gp and Gd/Gp as a function of Dundurs’ parameters α for several valus of the 
characteristic crack extension length ε=1/50; ε=1/100; ε=1/500 and for several values of the crack 













Fig. 51  Ratios Gsd/Gp and Gd/Gp as a function of Dundurs’ parameters α for several values of the 
crack inclination angle φ (the characteristic crack extension length ε=1/100)  a) the case when the 
second singular term is not considered (H2=0); b) both H1 and H2 singular terms are considered.. 
    a)            b) 
    c)            d) 
ε =1/500 
ε =1/100 
ε =1/50 ε =1/50 
ε =1/100 
ε =1/500 
Dundurs´ parameter α [-] Dundurs´ parameter α [-] 
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Fig. 52  Variation of the ERRs Gp with the angle of crack extension for α=0.1 and ε=1/100; a) the 
case when the second singular term is not considered (H2=0); b) the case when the first singular 
term is not considered (H1=0);  c) both H1 and H2 singular terms are considered. 
φ = 70°         β=0,  λ1=0.1,  ρ1=2,  λ2=1,  ρ2=1,  E2=60000 MPa, ν2=0.238,   ε = 1/100 




























 -0.165673 -0.013881 -0.009590 -0.049351 3.25 e-04 0.939 2.41 e-03 0.567 
-0.9 -0.165514 -0.010550 -0.007281 -0.045615 3.24 e-04 0.938 2.22 e-03 0.522 
 -0.176296 0.018405 0.012735 -0.109177 3.46 e-04  4.25 e-03  
 -0.063845 -0.008290 -0.006754 -0.009442 1.38 e-05 0.902 9.51 e-05 0.385 
-0.7 -0.062524 -0.003871 -0.003126 -0.007168 1.36 e-05 0.883 7.00 e-05 0.283 
 -0.070758 0.009175 0.007508 -0.037660 1.53 e-05  2.47 e-04  
 -0.032747 -0.005052 -0.005243 -0.003843 1.77 e-06 0.912 1.53 e-05 0.291 
-0.5 -0.030831 -0.001548 -0.001613 -0.002676 1.67 e-06 0.858 9.61 e-06 0.183 
 -0.035909 0.004429 0.004513 -0.021324 1.94 e-06  5.26 e-05  
 -0.019336 -0.003273 -0.004519 -0.002158 2.92 e-07 0.962 3.76 e-06 0.222 
-0.3 -0.017173 -0.000678 -0.001029 -0.001554 2.59 e-07 0.855 2.24 e-06 0.132 
 -0.020091 0.002074 0.002625 -0.015120 3.04 e-07  1.70 e-05  
 -0.012579 -0.002288 -0.004110 -0.001455 3.91 e-08 1.059 1.05 e-06 0.163 
-0.1 -0.010332 -0.000322 -0.000799 -0.001191 3.22 e-08 0.870 6.94 e-07 0.108 
 -0.011885 0.000805 0.001072 -0.012313 3.70 e-08  6.44 e-06  
 -0.008866 -0.001786 -0.003552 -0.001053 6.58 e-10 1.211 2.68 e-07 0.107 
0.1 -0.006594 -0.000166 -0.000681 -0.001072 4.89 e-10 0.901 2.54 e-07 0.101 
 -0.007327 0.000005 -0.000374 -0.010666 5.44 e-10  2.51 e-06  
 -0.006726 -0.001581 -0.002445 -0.000680 4.34 e-09 1.424 1.04 e-07 0.116 
0.3 -0.004440 -0.000090 -0.000516 -0.000968 2.86 e-09 0.940 1.05 e-07 0.117 
 -0.004729 -0.000706 -0.001284 -0.008519 3.05 e-09  9.00 e-07  
Table 10  Coefficients of the inner expansion, ERR of the deflected and penetrating crack (for a 
finite crack extension of the characteristic size ε = 1/100 and crack inclination angle φ=70°) and 
ratios of the ERR for singly (doubly) deflected and penetrating crack (sd – single deflection, d – 
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It was shown that for the case of the perpendicular and inclined crack in anisotropic media 
there exist two real characteristic eigenvalues of the singularity δ1 and δ2 in the interval 
(0,1) and hence also two generalized stress intensity factors (GSIFs) H1 and H2. 
Nevertheless, for the case of the perpendicular crack and symmetric loading it was shown 
that the value of one of the GSIFs (in our case H1) is very small, practically approaching 
zero, and most likely the non-zero value of H1 is due to numerical errors. Thus, the whole 
first singular term corresponding to δ1 can be omitted for these configurations. Apparently, 
in such a case H1 and H2 relate to antisymmetric and symmetric loading respectively. At 
literature a reference was made that for the case of the perpendicular crack, the only one 
real characteristic eigenvalue of the singularity exists in the interval (0, 1) – especially for 
isotropic bi-materials. However, it has been shown in this thesis and also in some other 
works – e.g. [56], that this statement does not hold for every bi-material configuration 
(especially when one considers anisotropic – orthotropic - bi-materials). In this case, there 
exist certain bi-material configurations for which two different real characteristic 
eigenvalues of the singularity exist in the interval (0, 1). They exist only under the 
condition that the imaginary part of the eigenvalues δi is zero. Authors in  [56] observed, 
that the non-zero complex roots occur for Dundurs’ parameters β ≠ 0. If β = 0 then the 
both roots seems to be always real with zero imaginary part for all crack inclination angles 
φ. However authors do not guarantee that this is the only sufficient condition and further 
investigations are required.  
When describing the stress field in the vicinity of the crack perpendicular to the 
interface, the regular term in the Williams-like asymptotic expansion – called T-stress is 
recommended to be taken into the account. This term corresponds to the characteristic 
eigenvalue δ3=1. The T-stress consideration precises the description of the stress and 
displacement field and also precises the final fracture criterion for the case of the 
perpendicular crack. When one consider the inclined crack, then the same conclusion holds 
for another singular term (in our case that one corresponding to δ1) which starts to be 
significant for the angles φ > 10°. In these cases both singular terms should be used for the 
stress and displacement field description and fracture criterion definition. 
The GSIF and T-stress calculations were performed using the postprocessing 
integration process in the mathematical software Matlab 7.1. However, it can be also 
involved directly into the Finite Element software using the programming language, which 
is in most of these codes implemented. The only limitation is that the appropriate 
programming language has to be capable to handle complex numbers. The alone FE 
calculation carried out on the 2D bi-material cracked model has no special needs or 
limitations. Only a refined mesh in the vicinity of the crack tip is required as in every crack 
problems.   
Some other author’s recommendations for the GSIF and the T-stress calculation: 
) When integrating across the interface a finer FE mesh in comparison with the 
integration in homogeneous media it is advised to use – due to the presence of 
media discontinuity which can in some cases influence the further integration 
process.  
) For the numerical integration of  Ψ-integral, a simple trapezoidal or rectangular 
integration method is recommended to use instead of some advanced, e.g. 
Simpson’s method, which in some cases result in an incorrect integration across the 
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interface (due to the discontinuity of the integrated function). When the mesh is not 
very coarse, also the simple integration formula leads to the sufficiently accurate 
results. Moreover, there is no necessity of keeping a special attention to the 
interface crossings. In addition, always is apparently convenient to integrate the Ψ-
integral piecewise in each material (domain) and sum up the particular results. 
Integration in one step (from crack face to crack face) can lead to numerical errors. 
) The T-stress can be also estimated directly from the FE analysis, when plotting the 
stress along the crack face and considering the stress magnitude when approaching 
the crack tip. These results should approximately correspond to the Ψ-integral 
calculations. However it is not recommended to use this method as the only one for 
the T-stress determination, since its results are dependent on the used material 
configuration and sometimes they can differ more then negligibly from the Ψ-
integral calculations which should be closest to the exact value. 
The same conclusions and recommendations concerning the FE mesh and integration 
process hold also for the calculations of the factors K1d(p), K2d(p) , K´1d(p) and K´2d(p), which 
are used for the calculation of the ERRs and the definition of the fracture criteria.  
The presented method for the definition of the fracture criteria, based on the Finite 
Fracture Mechanics and the matched asymptotic expansions represents an alternative way 
how to overcome the problems of the classical differential approach. When calculating the 
Energy Release Rate (ERR) for cracks terminating at the interface of two dissimilar 
materials, the differential approach leads to a zero or infinite ERR (depending on the type 
of the singularity) and therefore it is unusable for these applications. This problem is 
caused by the considered infinitesimal crack extension and the media discontinuity. The 
concept of the Finite Fracture Mechanics (FFM) offers the solution to this problem using 
the finite crack extension length. The disadvantage of this method is the necessity of the 
FE solution, which is used for the determination of the needed parameters. However, the 
FE solution is not complicated at all so in fact it doesn´t represent any problem.  The 
length of the finite crack extension is to be determined by combining the energy and stress 
condition of the crack onset – as stated in the section 7.1.3. When the crack starts to grow, 
it happens usually by the small finite jumps of the main crack instead of the continuous 
propagation.  
The advantage of the used combination of the FFM and the matched asympotitc 
expansion technique is that this method allows predition of prospective crack propagation 
direction. It can be done by calculating the additional released energy ΔW for a number of 
possible propagation directions and by selecting that which maximize the additional 
released energy ΔW. This approach therefore provides an alternative to the criteria based 
on the generalized factor of the strain energy density and related Sih´s approach discussed 
e.g. in the thesis [68], which become again too much complicated when considering 
generally anisotropic materials. The presented FFM based technique is universal for any 
type of general stress concentrator in whatever media. A solution to all these cases has the 
same complexity and also the same treatment. Moreover, several parameters (singular 
terms or regular term) can be simultanously considered by this approach to improve the 
crack stability prediction. It has been shown in the examples, that for some bi-material 
configurations also the second (weaker) term can quite significantly influence the 
propagation direction. Thus, it is not recommended to neglect them without any previous 
analysis. The theory of FFM was also applied on the problem of the multiple cracks in the 
thin surface layer under the temperature loading - presented in author’s work [92]. 




10.1 Summary of the solved problems 
It is possible to conclude, that the main aims of this thesis were realized. Briefly speaking, 
a complex computational tool for the assessment of the general stress concentrators in 
anisotropic media (especially cracks terminating at the interface of two dissimilar 
materials) was created. Technique based on the complex potential theory has been 
employed in combination with Finite Element Method. 
The main particular outputs of this work are possible to summarize as follows: 
) Using the complex potential theory and the Lechnitskii-Stroh formalism, a 
technique (the so-called L.E.S. method) for the calculation of the stress singularity 
exponents and description of the singular (regular) stress field in the vicinity of 
general stress concentrator in anisotropic media have been carried out. The 
characteristic eigenvalues of the singularity and corresponding eigenvectors have 
been calculated using this technique. The computational code is programmed in the 
mathematical software MAPLE 10.0. The method enables to characterize the 
singularities for cracks terminating at the interface at right (or arbitrary) angle and 
after light modifications it can also be used for the notch with its tip on the 
interface.  
) Next to this approach, the Continuously Distributed Dislocation technique has been 
employed to attain the same objective (singulatiry analysis, description of the stress 
and displacement field and the GSIFs calculations). The results of both methods are 
compared and show a good agreement. A disadvantage of the CDD technique 
consists in that it is limited to the crack-like concentrators. The problems of the 
general notches are preferable to solve by use of the L.E.S. method or some other 
technique. Other methods for the singularity analysis of the general multimaterial 
notches have been also studied, however not widely used within this work. 
) Using the Betti´s reciprocal theorem and the two state Ψ-integral, a powerful tool 
for the calculation of the Generalized Stress Intensity Factors - GSIF (amplitude of 
the singular term in the Williams-like stress asymptotic expansion) and T-stresses 
(non-singular term) has been developed. The Ψ-integral is used in combination 
with FEM and enables the calculation of GSIFs (or T-stresses) from the stress and 
displacement far fields of the singular point. Due to this fact, this technique doesn’t 
need any special (or very fine) mesh to avoid errors caused by the presence of the 
singularity. Another significant property of the Ψ-integral, in comparison with M-
integral or J-integral, is its integration path independency for any case of the 
general stress concentrator. The finite element calculations were carried out within 
the code ANSYS 10.0 and the post-processing, including the integration process for 
GSIF (T-stress) calculation, has been programmed in the mathematical software 
MATLAB 7.1. 
) In the FE calculations the standard linear or quadratic plane elements can be used, 
without any special need of the mesh fineness. In the regions where the integration 
path crosses the interface a finer mesh is recommended, however not required. 
) Since the aim of this work is to work up tools for the assessment of anisotropic 
(orthotropic) materials with interface, a possibility of application to laminates 
reinforced by the long fibres is also studied. If several layers of laminate fracture 
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and the crack is bridged by the fibres, the resulting stress field can be strongly 
influenced by these fibres - in positive sense (due to the crack closure effect). This 
effect can be captured using the generalized bridging stress intensity factor which 
reduces the GSIF calculated for the unbridged crack. The two different bridging 
models have been used and compared - simple Budiansky´s model and the 
advanced statistical model. A comparison with experimental data obtained on the 
same specimens has not been made yet, however when the results are qualitatively 
compared to the similar experiments made on a different type of specimen, the 
characteristic behaviour is the same. I.e. the statistical model leads to a higher 
predicted load under which all the fibres loose the ability to transfer any loads (all 
of the bridging fibres become broken). It can be explained as follows: according to 
the simple Budiansky’s model, the fibre fracture always occurs in the plane of the 
crack. However in case of the statistical bridging model, the fibres can be broken 
(due to a statistical distribution of the fibre strength) also anywhere inside the 
matrix. They can still contribute to the bridging effect by the frictional constraint 
until they are completely pulled out from the matrix. In comparison with some of 
the earlier experiments, this model describes the reality more realistically.  
) To utilize all the preceding effort devoted to the description of the stress and 
displacement fields near the crack tip at the interface in terms of Williams-like 
asymptotic expansion, a suggestion of the suitable fracture criterion has been made. 
It is applicable to the problems of cracks in anisotropic bi-materials terminating at 
the interface (at right or arbitrary angle). The theory of the finite fracture mechanics 
in combination with the matched asymptotic expansions technique has been 
employed here. This approach can overcome the classical differential analysis 
problem of zero or infinite energy release rate for the general stress concentrators. 
A relation for the energy release rate of the crack terminating at the interface of two 
different (anisotropic) materials has been derived. This relation can involve two 
parameters. Either the leading singular term of the Williams-like asymptotic 
expansion together with the T-stress (for perpendicular cracks) or the two singular 
terms (for inclined cracks). Thus, it is possible to assess an influence of the second 
term, on the crack stability. All the computations have again been made using an 
advantage of the FE analysis and of the already mentioned Ψ-integral.  
) A direction of the prospective crack extension (crack penetration across the 
interface or the crack deflection) has been studied (for the crack terminating at the 
interface of the orthotropic substrate and the isotropic surface layer). The resulting 
propagation direction depends mostly on the bi-material configuration, on the 
character of the anisotropy and last but not least on the toughnesses of the substrate 
and the interface. If the crack penetrates to the next material, then it follows that 
penetration direction which maximizes the ERR for the chosen small crack 
extension. However, in case of the anisotropy of the substrate, also the toughness of 
this material can exhibit anisotropic behaviour. In that case the crack will follow 
that path which maximizes the additional released energy 1p p c pW W G aΔ = δ − . When 
deciding between the penetration and the crack deflection, the ratios of ΔW of 
deflected and penetrated crack have to be calculated and compared with the 
corresponding ratios of toughnesses in deflected and penetrating direction. If the 
calculated ratio is higher than the ratio of material properties, the crack should 
deflect along the interface and vice versa. 
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10. Conclusion
) It was shown, for the case of the crack perpendicular to the interface, that in some 
cases, also a consideration of the T-stress can influences the resulting direction of 
the propagation (this problem is widely described in the discussion). Due to this 
reason, it is recommended to take also T-stress into the account. Influence of the T-
stress strongly depends on the bi-material configuration and the material 
characteristics of both materials, so the importance of this term should be always 
assessed. On the contrary, for the case of the inclined cracks it is always 
recommended to consider both singular terms from the Williams’s like asymptotic 
expansion for the definition of the fracture criteria (especially for cracks inclined 
more than 10° from the perpendicular state). The T-stress term was not proved to 
exist for the inclined cracks, at least for investigated configurations. The existence 
of the T-stress is closely related to the existence of the root δ=1 of the eigenvalue-
equation pertaining to a particular singularity problem. This is a necessary 
condition but it is still not clear whether this condition is also sufficient one. 
) All the described theory and examples can be applied after the experimental 
verification and eventual model adjustment, for the assessment of general stress 
concentrators, and also for the designing of special “smart” materials, which will 
exhibit the predefined behaviour under the specific loading conditions. This is also 
the final aim of the whole effort put into this research. The possibilities of the 
further work are of course not closed yet and the suggestions, where to start the 
continuation work are stated in the following section.  
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10.2 Ideas for further research 
The following points can serve as the author’s suggestions for the subsequent work: 
) One of the most important steps which is necessary to perform in the framework of 
the next work is the experimental validation of the presented results. Experiments 
were not performed within the framework of this thesis, because of its complexity, 
time consumption and above all the high expensiveness. It has to be worked out 
within the particular work or grant project to obtain any meaningful results. The 
main problem consists in the availability of suitable test specimens, what have been 
already shown as a relatively difficult issue. The aim of the experimental work 
should be in the first step focused on the measuring of the bi-material 
characteristics such as the interfacial toughness or the strength of the substrate. In 
the second step, a verification of the predicted crack propagation direction and load 
under which the crack starts to propagate should be performed.   
) As a future work, a technique for the calculation of the mode mixity should be 
carried out, since as it was shown, consideration of this quantity can strongly 
influence the assessment of the crack propagation direction. Theory and related 
references for these calculations are stated in the thesis, see Eqs. (201)-(203). 
) All the presented problems were performed within the 2D linear elasticity. It could 
be interesting to extend these pieces of knowledge into the 3D problem and to find 
the main differences between 2D and 3D interpretation. This can turn out to be 
helpful for the future implementation of the described theory into some FE code. 
) By linking to the previous point, very useful for the practical usage of the whole 
problems could be the implementation of the described theory into some open FE 
code. Most of the commercial FE softwares have their own programming language, 
so most (or even all) of the calculations can be performed directly within a 
particular FE package. Some extending functions can be developed, e.g. for the 
calculation of the Generalized Stress Intensity Factors, T-stress and also for the 
final assessment of the crack stability under the given loading conditions.  
) Some kinds of the advanced crack modelling techniques as Cohesive Zone Models 
(CZM) or Extended FEM (X-FEM) can be applied to the solution and verification 
of bi-material problems solved within this thesis. 
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a Finite crack extension 
ap, ad Finite crack extensions of penetrating and deflected crack 
adj Adjoint matrix 
A, Aij Matrix of material characteristic eigenvalues and components sij 
bi Burger’s vector 
b*s(s) Density function 
B Thickness of the substrate (material without crack) 
cf Fibre volume fraction 
cijkl Tensor of elastic constants 
dk Elementary Burger’s vector 
diag[...] Diagonal matrix 
D System of equations for the solution of the δ exponent 
Ei Transfer matrices 
EL, ET, EZ, Eij Young’s moduli in longitudinal, transversal and Z-direction 
Ef, Em, E Young’s moduli of fibre and matrix and overall modulus 
fij(θ) Angular distribution of the stress field 
fj(zj) Muschelishvilli´s complex potential 
fk(y0) Local density function of the Burger’s vector 
F Line force acting on the crack faces (in the crack bridging problem)
Fi(ε) Coefficients of the inner asymptotic expansion 
Fi(θ) Angular distribution of the resulting force Ti 
gi(θ) Angular distribution of the displacement field 
GLT, GTZ, GZL, Gij Shear moduli 
G Energy release rate 
Gd, Gp Energy release rate of the deflected and penetrating crack 
Gc Fracture toughness 
Gci, Gc1 Fracture toughness of the interface and of the material 1 
Gw,i Material wedge of the multimaterial interface 
〈h〉 Average distance from the fibre failure position to the crack plane 
h Thickness of the surface layer 
H Generalized Stress Intensity Factor (GSIF) 
H1, H2 GSIFs related to the stronger and weaker singularity 
Happl, Hbr, Htip Applied, bridging and the local Generalized Stress Intensity Factor 
Hc Critical value of the GSIF 
i Imaginary unit 
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Nomenclature
Im(...) Imaginary part of the expression 
I Identity matrix 
ki(ε) Coefficients of the outer asymptotic expansion 
K1d, K´1d, K2d, K´2d Coefficients of the perturbed solution for the deflected crack  
K1p, K´1p, K2p, K´2p Coefficients of the perturbed solution for the penetrating crack 
KI, KII Stress intensity factors for loading mode I and II 
KIC Fracture toughness 
Kij, K System of equations for the solution of the δ exponent  
KN Product of the sequence of transfer matrices 
l Distance of the main crack from the interface 
lc Total crack length 
lcf Typical length of fibre with presence of one flaw 
L Measurement of the crack tip process zone 
Lc Characteristic size of the main crack 
Liα Matrix containing material characteristic eigenvalues. 
mw Weibull shape coefficient 
m,n Characteristics of the material anisotropy 
ni Normal pointing toward the origin of the coordinate system 
N Number of material wedges 
NB Number of collocation points 
pα Characteristic eigenvalues of the material 
r Polar coordinate 
rε Radius of the integration path approaching the zero 
R Radius of the integration path 
Rf Fibre radius 
Re(...) Real part of the expression 
s, t Substituted coordinates 
sij Components of compliance matrix 
T Т-stress 
Ti Resulting force along the half-line leading from the singular point 
uk,l Components of the strain tensor 
ui Angular distribution of the displacement field 
u-i Angular distribution of the auxiliary displacement field 
U, V Displacement field 
Ui , U-1i Displacement field (vector), auxiliary (dual) displacement field 
Uj0, U0 Solution of displacements for the unperturbed state  
Uih, Uh Displacement field obtained by the Finite Element Analysis  
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Ujε, Uε Solution of displacements for the perturbed state 
v, vk Eigenvector, components of the eigenvector 
v(x2) Total displacement of the upper crack face 
vappl(x2) Crack face displacements of the unbridged crack under applied 
vbr(x2) Bridging crack closure displacements 
iV  Basis functions of the inner expansion 
Wp, Wd Change of the potential energy for crack penetration and deflection 
W0, Wε Potential energies of unperturbed and perturbed state 
W(x2,h) Bridging weight function 
x1, x2 Cartesian coordinates 
x1o, x2o Location of an isolated dislocation in Cartesian coordinates 
y1, y2 Scaled up coordinates (for zoomed-in view) 
zα Argument of the complex potential function 
α , β Dundurs’ parameters 
β Bridging characteristics 
Γ, Γi Integration path 
Γ(n) Gamma function 
δ, δi Characteristic eigenvalue of the singularity 
δ*, δ-i Characteristic eigenvalue of the auxiliary solution 
δij Kronecker´s delta 
δa Crack increment 
δW Change of the potential energy 
δWd, δWp Change of potential energy in case of crack deflection, penetration 
ΔW Additional energy 
ε Characteristic size of the perturbation 
εij Components of the strain tensor 
εo Oscillation index 
θ Polar coordinate 
θ0 Direction angle of the crack extension. 
κ Constant proportional to the loading 
λ Characteristics of the material orthotropy 
μi Characteristic eigenvalues of the material 
νTZ, νZL, νTL, νij Poisson’s ratio between appropriate directions 
ρ Zoomed variable r with factor ε 
ρ Characteristics of the material anisotropy 
σc Critical stress – strength of material 
σij Components of the stress tensor 




σij* Auxiliary (dual) stress field  
σij (tip) Stress field in the vicinity of the general stress concentrator  
σ0 Nominal tension load of the specimen 
σ0f Fibre strength 
σbr Bridging stress 
σP Average stress exerted by the broken fibres 
Σ Fibre strength distribution 
τs Interface slipping shear resistance stress 
ϕ(z) Muschelishvilli´s complex potential 
φ   Angle between crack and interface 
φjJ Vector of complex coefficients 
Φ(zα) Complex potential function 
ψ(z) Muschelishvilli´s complex potential 
Ψ( ,  ) Ψ-integral 
ΨG Energy based mode mixity angle 
ΨK Stress intensity factor based mode mixity angle 
ωi Polar sector of the multimaterial wedge 
Ωin Inner domain 
Ωo Outer domain 
∂Ω Boundary of the finite body 
  
  
BEM Boundary Element Method 
C.C. Complex conjugate 
CDD Continuously Distributed Dislocations 
CS Coordinate System 
DDT Distributed Dislocation Technique 
ERR Energy Release Rate 
FEA Finite Element Analysis 
FEM Finite Element Method 
FFM Finite Fracture Mechanics 
GSC General Stress Concentrator 
GSIF Generalized Stress Intensity Factor 
LEFM Linear Elastic Fracture Mechanics
L.E.S. Lechnitskii Eshelby Stroh (method)
If not listed quantities occur in the text, then they have only a local meaning described 
directly on the place of the appearance and no other references to this quantity should be 
made in the following text. 
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